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Abstract. In this paper we solve several problems concerning joint similarity to n-tuples of operators 
in noncommutative varieties V^-piH) C m > 1, associated with positive regular free holomor- 

phic functions / in n noncommuting variables and with sets V of noncommutative polynomials in n 
indeterminates, where B{'H.) is the algebra of all bounded linear operators on a Hilbert space T-L. In 
particular, if / = Xi + ■ ■ ■ + X„ and V = {0}, the elements of the corresponding variety can be seen as 
noncommutative multivariable analogues of Agler's m-hypercontractions. 

We introduce a class of generalized noncommutative Berezin transforms and use them to solve op- 
erator inequalities associated with noncommutative varieties Vpp(W). We point out a very strong 
connection between the cone of their positive solutions and the joint similarity problems. Several classi- 
cal results concerning the similarity to contractions have analogues in our noncommutative multivariable 
setting. When V consists of the commutators XiXj — XjXi, i,j S {1, . . . ,n}, we obtain commutative 
versions of these results. We remark that, in the particular case when n = m = 1, / = X, and V = {0}, 
we recover the corresponding similarity results obtained by Sz.-Nagy, Rota, Foia§, de Branges-Rovnyak, 
and Douglas. 

We use some of the results of this paper to provide Wold type decompositions and triangulations for 
n-tuples of operators in noncommutative varieties pCH), which parallel the classical Sz.-Nagy— Foia§ 
triangulations for contractions but also provide new proofs. As consequences, we prove the existence of 
joint invariant subspaces for certain classes of operators in Vj -piH). 



Introduction 

Let B{7i) denote the algebra of all bounded linear operators on a Hilbert space H. Two operators 
A,Be BiTi) are called similar if there is an invertible operator S £ BiTi) such that A = S^^BS. The 
problem of characterizing the operators similar to contractions, i.e., the operators in the unit ball 

[B{n)]i := {X e B{H) : XX* < I}, 

or similar to special contractions such as parts of shifts, isometrics, unitaries, etc., has been considered by 
many authors and has generated deep results in operator theory and operator algebras. We shall mention 
some of the classical results on similarity that strongly influenced us in writing this paper. 

In 1947, Sz.-Nagy [30 found necessary and sufficient conditions for an operator to be similar to a 
unitary operator. In particular, an operator T is similar to an isometry if and only if there are constants 
a,b > such that 

a\\h\\ <\\T''h\\ <b\\h\\, heH,neN. 

The fact that the unilateral shift on the Hardy space i/^(T) plays the role of universal model in B{H) 
was discovered by Rota [22] • Rota's model theorem asserts that any operator with spectral radius less 
than one is similar to a contraction, or more precisely, to a part of a backward unilateral shift. This 
result was refined furthermore by Foia§ [5] and by de Branges and Rovnyak [5], who proved that every 
strongly stable contraction is unitarily equivalent to a part of a backward unilateral shift. 

It is well-known that if T G B{J-L) is similar to a contraction then, due to the von Neumann inequality 
[33] . it is polynomially bounded, i.e., there is a constant C > such that, for any polynomial p, 

lb(r)||<qbiu, 
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where ||p||cx> := sup|-,|^]^ A remarkable result obtained by Paulsen [M] shows that similarity to 

a contraction is equivalent to complete polynomial boundedness. Halmos' famous similarity problem 
[TT| asked whether any polynomially bounded operator is similar to a contraction. This long standing 
problem was answered by Pisier |16j in a remarkable paper where he shows that there are polynomially 
bounded operators which are not similar to contractions. For more information on similarity problems 
and completely bounded maps we refer the reader to the excellent books by Pisier [T7] and Paulsen |15) . 

In the noncommutative multivariable setting, joint similarity problems to row contractions, i.e., n- 
tuples of operators in the unit ball 

{(Xi, . . . ,X„) e B{nY : X^Xl + ■■■+ X^X* < /}, 

were considered by Bunce [3], the author (see [TH], [22, [13], [23), and recently by Douglas, Foia§, and 
Sarkar [8]. In this setting, the universal model for the unit ball [B{7i)"]i is the n-tuple (5*1, . . . , S„) of 
left creation operators on the full Fock space with n generators. 

To put our work in perspective we need some notation. Let be the unital free semigroup on n 
generators gi,. . . ,gn and the identity go. The length of a e F+ is defined by |a| := if a = go and 
\a\ :— k ii a = gi^ ■ ■ ■ gi^ , where ii, . . . ,ik G {1, . . . , n}. If X :— {Xi, . . . , X„) e B{H)"' we denote 
Xa '■— Xi-^ ■ ■ ■ Xii^ and Xg^ := I-^, the identity on H. 

In [28) (case m = 1) and [25 (case m > 2), we studied more general noncommutative domains 

D;"(H):={X:=(Xi,...,X„)eS(Hr : (^d - $p,x)^(/) > for s = l,...,m}, 
where id is the identity map on B{'H), 

%,x{Y) := ^o^X^^Xl, Y e B{H), 

\a\>l 

and p = X]|a|>i '^aXa is a positive regular noncommutative polynomial, i.e., its coefficients are positive 
scalars and Oq > if a G F+ with |a| = 1. We remark that if g = Xi + • • • + X^ and m > 1, then 
'D™{H) is a starlike domain which concides with the set of all row contractions {Xi, . . . , X„) G [i3(H)"]i 
satisfying the positivity condition 

E(-i)' (T) E ^ 0- 

k=0 ^ ^ \a\=k 

The elements of the domain D™('H) can be seen as multivariable noncommutative analogues of Agler's 
m-hypercontractions [T]. The case n — 1 was recently studied by Olofsson ([H], [I3])- We showed ([2E], 
|25| ) that each domain D™(H) has a universal model (Wi, . . . , Wn) of weighted left creation operators 
acting on the full Fock space with n generators. The study of the domain D™('H) and the dilation theory 
associated with it are close related to the study of the weighted shifts Wi, . . . , Wn, their joint invariant 
subspaces, and the representations of the algebras they generate: the domain algebra ^„(D™), the Hardy 
algebra F^(D;;^), and the C*-algebra C*{Wi,..., W„). 

In the present paper, we consider problems of joint similarity to classes of n-tuples of operators in 
noncommutative domains D™('H), m > 1, and noncommutative varieties 

Vp"V(H) {{Xi, . . . ,X„) e T>;\n) ■. q{Xu . . . ,X„) = O for any q^V], 

where 7-* is a family of noncommutative polynomials in n indeterminates. 

In Section 1, expanding on the author's work (I2S], [2Z], [2H]) on noncommutative Berezin transforms, 
we introduce a new class of generalized Berezin transforms which will play an important role in this 
paper. Given A := {Ai, . . . , An) € i3(H)", our similarity problems to n-tuples of operators in the 
noncommutative variety V™p(^) are linked to the noncommutative cone C{p, A)^ of all positive operators 
D e B{H) such that 

{id-%^Ay{D)>0, s = l,...,m. 
For example, {Ai, . . . ,An) is jointly similar to an n-tuple of operators in V™p('H) if and only if there 
is an invertible operator in C{p,A)^. Under natural conditions, we show that there is a one-to-one 
correspondence between the elements of the noncommutative cone C{p,A)^ and a class of generalized 
Berezin transforms, to be introduced. 
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In Section 2, a pure version of the above-mentioned resuh is estabhshed, even in a more general 
setting. In particular, when m = 1 and T := (Ti, . . . ,T„) e Vp -pCH) is pure, i.e., $^ ^(7) — >■ strongly, 
as /c — >■ oo, we determine the noncommutative cone C{p,T)^ by showing that all its elements have the 
form where is a multi-analytic operator with respect to the universal n-tuple [Bi, . . . ,-B„) 

associated with the variety Vp-pCH). More precisely, \1/ € R^(Vp ■p)<^B{IC, K.') for some Hilbert spaces K. 
and /C', where -RJf (V^p) is the commutant of the noncommutative Hardy algebra F^{Vp-p). We remark 
that in the particular case when n^m^l,p = X,V = {0}, and ^p,t{X) := TXT* with ||T|| < 1, the 
corresponding cone C{p,T)'^ was studied by Douglas in [7j and by Sz.-Nagy and Foia§ |32j in connection 
with T-Tocplitz operators (see also [3] and [5]). 

In Section 3, we provide necessary and sufficient conditions for an rt-tuple A :— {Ai, . . . , An) & B{H)^ 
to be jointly similar to an n-tuple of operators T := (Ti, . . . , T„) in the noncommutative variety V^-p{'H) 
or the distinguished sets 

{XeV;>(H): =0} and {X e V;>(H) : {id ~ %,xr{I) > 0} , 

where T' is a set of noncommutative polynomials. To give the reader a flavor of our results, we shall be a 
little bit more precise. Given {Ai, . . . , A„) e B{H)"', we find necessary and sufficient conditions for the 
existence of an invertible operator Y : H ^ G such that 

A*^Y-'[iB*<^InMY, z=l,...,n 

where G C Af-p^H is an invariant subspace under each operator B* ^I-^ and {Bi, . . . , is the universal 
model associated with the noncommutative variety V™p(H). In particular, we obtain an analogue of 
Foia§ [9] and de Branges-Rovnyak model theorem, for pure n-tuples of operators in V™p('H). We 
also obtain the following Rota type [55 model theorem for the noncommutative variety V™p(H). If 
A := (^1, . . . , A„) e S(-H)" is such that q{Ai, . . . , A„) for g e P and 



E 



k=0 

for some constant 6 > 0, then the above-mentioned joint similarity holds. Moreover, we prove that 
the joint spectral radius rp{Ai, . . . ,A„) < 1 if and only if (Ai, . . . ,An) is jointly similar to an n-tuple 
T ~ (Ti, . . . , T„) e V™p(-H) with {id - ^p^tT{I) > 0, i.e., positive invertible operator. 

We also provide necessary and sufficient conditions for an n-tuple A :— {Ai, . . . , A„) G B{'H)" to be 
jointly similar to an n-tuple of operators T := (Ti, . . . ,r„) € V™p('H) with {id - $p,T)'"(-f) = 0. Our 
noncommutative analugue of Sz.-Nagy's similarity result [30] asserts that there is an invertible operator 
Y £ B{H) such that Ai — Y^^TiY, i — 1, . . . ,n, ii and only if there exist positive constants < c < d 
such that 

cl <<^^^a{I) <dl, fceN. 
In particular, we obtain a multivariable analogue of Douglas' similarity result [7]. 

If {Ai, . . . , An) € B{'H)"' is jointly similar to an n-tuple of operators in a radial noncommutative variety 
V™-p(7^), where P is a set of homogeneous noncommutative polynomials, then the polynomial calculus 
g{Bi, . . . , Bn) I— > 9{Ai, . . . , An) can be extended to a completely bounded map on the noncommutative 
variety algebra ^„(V™p), the norm closed algebra generated by i?i,...,_B„ and the identity. Using 
Paulsen's similarity result jl4|, we can prove that the converse is true if to = 1, but remains an open 
problem if to > 2. 

In Section 4, we obtain Wold type decompositions and prove the existence of triangulations of type 

Co \ /Cc 

* CiJ \* Ccn 

for any n-tuple of operators in the noncommutative variety Vp-p{'H), which parallel the Sz.-Nagy-Foia§ 
|31j triangulations for contractions. The proofs seem to be new even in the classical case n = 1, since 
they don't involve, at least explicitly, the dilation space for contractions. As consequences, we prove the 
existence of joint invariant subspaces for certain classes of operators in Vp-p{'H). 

We should mention that the results of this paper are presented in a more general setting when the 
polynomials p in the definition of Vp^-p{'H) is replaced by positive regular free holomorphic functions. 
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1. Generalized noncommutative Berezin transforms and the cone C{f,A)+ 

In this section, we introduce a class of generalized Berezin transforms which will play an important 
role in this paper. We use them to study the noncommutative cone C(/, A)+ of all positive solutions of 
the operator inequalities 

{id- ^f^AYiX) >0, s = l,...,m. 

First, we recall ([IS], [25]) the construction of the universal model associated with the noncommutative 
domain DJ^iT-L), m > 1. Throughout this paper, we assume that / := X]QgF+ '^aXa, a-a € C, is a positive 
regular free holomorphic function in n variables Xi, . . . , X„. This means 

(i) limsupfe^^ (E|a|=fe la^Pj < oo, 

(ii) Oq, > for any a e F+, Og^ — 0, and Og^ > for i = 1, . . . , n. 

Given m e N {1, 2, . . .} and a positive regular free holomorphic function / as above, we define the 
noncommutative domain D™ whose representation on a Hilbert space Ti. is 

D7(H):={X:=(Xi,...,X„)eB(H)" : (id - $/,x)'(/) > for s = l,...,m}, 

where : -B(^) ^ -S(H) is given by 



^S-x{y) ^aXaYX*^, Y e B{n), 

k=l \a\=k 

and the convergence is in the weak operator topology. D™('H) can be seen as a noncommutative Reinhardt 
domain, i.e., (e^^^Xi, . . . , e*^"X„) G T>f{H) for any (Xi, . . . , X„) e D^^CH) and 6*1, ... , 6l„ G R. 

Let Hn be an n-dimensional complex Hilbert space with orthonormal basis ei, . . . , e„, where n G N or 
n = oo. We consider the full Fock space of i?„ defined by 

fc>0 

where -ff ®° :— CI and H^'^ is the (Hilbert) tensor product of k copies of Hn- Set Cq. := e^j (g) (g) • • • ® e^^ 
if a = gij^gi2 ■ ■ ■ gtk € and eg^ := 1. It is clear that {eq, : a G F+} is an orthonormal basis of F^{H„). 
Define the left creation operators 5,; : F^(i?„) F'^{Hn), i = 1, . . . , n, by Sif := Ci® f, / G F'^{Hn). 
Let Di : F^(iJ„) — > i^^(iJ„), i = 1, . . . , n, be the diagonal operators given by 



where 

|a| 



P rv G F+ 



(1.1) 6(7)1=1 and e^:=5] ^ ' ' ' m"- / ) if « G F+, H > 1. 



= 1 7i---7j=Q 

ItiI>i....,It,I>i 



We have 



lAll = sup 

QGF+ 



1 



Define the weighted left creation operators Wi : F'^{Hn) -> F'^{Hn), i = l,...,n, associated with the 
noncommutative domain D™ by setting Wi :— SiDi, where Si, . . . , Sn are the left creation operators on 
the full Fock space F'^{Hn). Note that 



WiCa = . eg,a, a G F+. 
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One can easily see that 



/{>: 



(>") 



(1.2) Wpe^^^-^ep^ and W^^e^ = <j V^''^ " 

Y fe^™^ (_ otherwise 

for any a, (3 ^ F+. According to Theorem 1.3 from 25 , the weighted left creation operators Wi, . . . , Wn 
associated with D™ have the following properties: 

(^) X]fe°=i ^\fi\=k '^0^13^^ — ^7 where the convergence is in the strong operator topology; 
(ii) {id — ^f,w)™ {!) = Pc, where Pc is the orthogonal projection from F'^{Hn) onto CI C F'^{Hn), 
and lim $^ w (-f ) = in the strong operator topology. 

The n-tuple {Wi,...,Wn) G D™(F^(_ff„)) plays the role of universal model for the noncomniutative 
domain D™. The domain algebra ^„(D™) associated with the noncommutative domain D™ is the norm 
closure of all polynomials in Wi, . . . ,Wn, and the identity, while the Hardy algebra F^(D™) is the 
SOT-(WOT-, or w*-) version. 

We remark that, one can also define the weighted right creation operators Ai : _F^(_ff„) — > _F^(iJ„) by 
setting Ai := RiGi, i — 1, . . . , n, where . . . , i?„ are the right creation operators on the full Fock space 
F'^{Hn) and each diagonal operator Gi is defined by 



7* 

m) 



a e 



where the coefficients a £ F+, are given by relation It turns out that (Ai, . . . , A„) is in the 

noncommutative domain Dj where / := X]|a|>i ^s^a and a — gi^ ■ ■ ■ gi^ denotes the reverse 

of a = • • • gi^ e F+. Moreover, WiKj = AjW^ and U*AiU = Wi, i = 1, . . . ,n, where U e B{F'^{Hn)) 
is the unitary operator defined by equation C/ea := eg, a G F+. Consequently, we have 

F.^{'Dfy = R^{Bf) and i?-(D7)' = ^-(D';), 

where ' stands for the commutant and i?^(D™) is the SOT-(WOT-, or w*-) closure of all polynomials in 
Ai, . . . , A„, and the identity. More on these noncommutative Hardy algebras can be found in [TH], |25) , 
and pS] , 

In what follows, we introduce a noncommutative Berezin kernel associated with any quadruple (/, m. A, R) 
satisfying the following compatibility conditions: 

(i) / X]|a|>i ^qA'q is a positive regular free holomorphic function and m G N; 
(u) A:= {Ai,.. .,An) G B('H)" is such that J2 aaA^A^ is SOT- convergent; 

|a|>l 

(in) R G B{T-L) is a positive operator such that 
for some constant 6 > 0. 

The noncommutative Berezin kernel associated with the compatible quadruple (/, m, A, R) is the operator 
■■n^F\Hn)(E} WHW) given by 

(1.3) K^rln^ = V^e„ ® R^'^Alh, heH. 

Lemma 1.1. The noncommutative Berezin kernel K^f^ R. associated with a compatible quadruple (/, m. A, R) 
is a bounded operator and 

KtinA: = {W: ® /7^)4tfl,' * = 1, ■ ■ • , n. 
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where TZ := and (Wi, . . . , Wn) is the universal model associated with the noncommutative domain 



D™. Moreover, 



oo 



fe=0 



fc + m — 1 
m — 1 



Proof. Since (/, m, A, i?) is a compatible quadruple, R e B{'H) is a positive operator such that 



(1.4) 



E 

fe=0 



fc + TO — 1 
TO — 1 



for some constant b > 0. Note that due to relations (11.11) and (11.31) , we have 

oo 

ii4rA>ir- E ^^'"'(^^^^^^''^) = (^'^''^) + E E {b^p"'^A0RA*,h,h 

I3e¥t ™=1 |/3|=m 



{Rh,h) + Y^ E ' 

m=l |^|=jri 



1^*1 

E 



j + m — 1 
m — 1 



E 



^71 



^73 



^1 ■■■'ij=f^ 
7il>l,....|7j|>l 



7l---7j-"'^7l---7j 



k=l 



fc + m — 1 
m — 1 



for any h £ H. Hence and due to relation (jl.4p . we deduce that -f4rj-"Jj^ ^ is a well-defined bounded operator 
and 



K 



(m) 



E 

A:=0 



fc + TO — 1 
TO — 1 



On the other hand, due to relations (II. 3p and (II. 2p . we have 



7eFi 



76Fi 



,(m) 



□ 



for any h £ 7i. Hence, 

and the proof is complete. 

Let / :— J2\a\>i^o'Xa be a positive regular free holomorphic function and let Wi,...,Wn and 
Ai, . . . A„ be the weighted left and right creation operators, respectively, associated with the noncommu- 
tative domain D™. Let T' be a family of noncommutative polynomials and define the noncommutative 
variety V™^ whose representation on a Hilbert space H is 

:= eD7(H) : =0 for any p e V} . 

We associate with V™p the operators Bi, . . . , En defined as follows. Consider the subspaces 

Mv :=span{W^„p(W^i,...,W„)W^(l) : peV,a,Pe¥+} 

andTVp :~ F'^ {Hn) Q Ai-p . Throughout this paper, unless otherwise specified, we assume that A/p 7^ {0}. 
It is easy to see that J\f-p is invariant under each operator W* , . . . , W* and A*, . . . , A* . Define 

Bi := PM.pWi\M^ and C^ := PVp A^Iaa^ , i = 1, . . . , n. 
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where Pa/V is the orthogonal projection of F^{Hn) onto M-p- 

The n-tuple of operators B := {Bi, . . . ,Bn) G VJ'-p{Nv) plays the role of universal model for the 
noncommutative variety V™p. The noncommutative variety algebra Aniyj^v) the norm-closed algebra 
generated by Bi, . . . , i?„ and the identity, while the Hardy algebra i^^(V™p) is the w*-version. More on 
these Hardy algebras associated with noncommutative varieties can be found in [55] and [53] . 

Let (/, m. A, R) be a compatible quadruple. Assume that the n-tuple A := {Ai, . . . , An) G B{H)^ has, 
in addition, the property that 

p(Ai,...,A„) = 0, p£V. 
Under these conditions, the tuple q := {f,m,A,R,V) is called compatible. We define the (constrained) 
noncommutative Berezin kernel associated with the tuple q to be the operator Kq : H — ^ Af-p (8) R^/^{%) 
given by 

where r is the Berezin kernel associated with the quadruple (f,m,A,R) and defined by relation 

Lemma 1.2. Let Kq be the noncommutative Berezin kernel associated with a compatible tuple q ;= 
{f,m,A,R,V). Then 

KqA* = {B* ® In)Kg, ^ = l,...,n, 

where TZ := and . . . , _B„) is the universal model associated with the noncommutative variety 

V™p. Moreover, 

k + m — 1 



k=Q 



Proof. Using Lemma [TTTj and the fact that p{Ai, . . . , An) = for all p £V, we obtain 

J^J^^x, [WMWi, . . . , Wn)Wp{l)] (g>y)^ (x, . . .,An)ApiK^r'2.M)*il (g>y)) = 



for any x e "H, ye R^/'^{'H), and p <^V. Hence, we deduce that 
(1.5) range C Mv ® R^'^iU). 



Taking into account the definition of the constrained Berezin kernel Kq : H M-p ® R^/^{7i), one can 
use Lemma 11.11 and relation (jl.Sp to complete the proof. □ 

We introduce now the noncommutative Berezin transform associated with the compatible tuple 
q := {f,m,A,R,V) to be the operator Bg : B{Np) — > B{H) given by 

B,[x] Kl[x ® In]Kq, x e B{Nv). 



where TZ := R^/^{T-L). This transform will play an important role in this paper. To justify the terminology, 
we shall consider the particular case when the 7i-tuple A := {Ai, . . . , An) has the joint spectral radius 

r^(Ai,...,A„):= hm |l<i>J,^(/)|| ^^'c < i. 
Then, as in the particular case considered in [25], one can show that 



{Bq[x]x,y) ^ l\l - Y a^Cl® A^\ {x® R) \l - ^ a^^C^ ® Al\ {l®x)A®y\ 

\ \ |a|>l / \ |a|>l / / 

for any x,y G H, where Ci := Pj\/-p Ai\j\f^ for i = 1, . . . , n and a is the reverse of a €E F+. For the benefit 
of the reader, we present a sketch of the proof. First, one can show that 

r J2 asCa(^A*s < r/(Ai, . . . , A„) < 1, 
\l"l>i / 
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where r{Y) is the usual spectral radius of a bounded operator Y. Hence, the operator 

I- aaCa <E)Al\ = £ ( XI "^Ca <E) 

\a\>l j k=0 \|q|>1 

is well-defined, where the convergence is in the operator norm topology. Consequently, using the definition 
of Ai , . . . , A„ and relation (|1.3p , we obtain 

K^^^h = (/i.2(H„) ® -R^/^) \I J2 "5A« ®T^\ (1 /i), hen. 

\ l"l>i J 

Combining the above-mentioned results with the fact that :— {P^fj, ® jj. i / 2 ( ) ) -^/"a r 1 one can 
complete the proof of our assertion. 

We remark that in the particular case when: n ~ ni ~ 1, f ^ X , H ^ C, A = X E I}, R = I, and 
V = {0}, we recover the Berezin transform [5] of a bounded operator on the Hardy space i/'^(D), i.e., 

B^[g] = (1 - lAp) {gk,, k^), ge B{H\D)), 

where k\{z) (1 — Xz)^^ and z, A G D. 

The following technical lemma is a slight extension of Lemma 1.4 and 2.2 from 25 , where the operator 
D was positive. In our extension, _D is a self-adjoint operator and the condition (a) is new. However, 
since the proof is similar to those from [25|, we shall omit it. A linear map ip : B{H) — !• B{H) is called 
power bounded if there exists a constant M > such that \\ip''\\ < M for any fc G N. 

Lemma 1.3. Let ip : B{'H) — > B{'H) he a positive linear map and let D e B{'H) he a self-adjoint operator 
and m G N. Then the following statements hold: 

(i) // ip is power bounded, then 

{id - ipY'\D) > Q if and only if {id~pY{D)>Q, s = l,2,...,m. 

ii) Under either one of the conditions: 

(a) {id — ipY{D) > for any s = 1, . . . , m, or 

(b) ip is power hounded and {id — ip)"^{D) > 0, 
the following limit exists and 

, , I, V f lim WHD)h,h) if d = Q 

\mi k'^ (ip^{id-ipY{D)h,h) = ' 

[O i/ d== l,2,...,m-l 

for any G "H. 

In what follows we also need the following result. For information on completely bounded (resp. 
positive) maps, we refer to [H] and |16) . 

Lemma 1.4. Let f := X]|q|>i '^""'^a positive regular free holomorphic function and let A := 

{Ai, . . . , An) G B{'H)" be an n-tuple of operators such that X]|q|>i '^ct^a^a convergent in the weak 
operator topology. Then the map ^f^A ■ B{'H) — > B{'H), defined by 

\a\>l 

where the convergence is in the weak operator topology, is a completely positive linear map which is 
WOT- continuous on hounded sets. Moreover, i/0 < r < 1, then 

= WOT-lim$f^A(X), XeB{U). 



JOINT SIMILARITY TO OPERATORS IN NONCOMMUTATIVE VARIETIES 



9 



Proof. Note that, for any x,y E H and any finite subset A C {a G F+ : |a| > 1}, we have 
^ \{a^A^XA:x,y)\ < \\X\\ ^ aJAlx\\\\Aly\\ 

qGA aeA 

< 11X11 f^a.P^lp'j [j^a^P^yj 

VqGA / VqGA 

Now, since X]|q|>i '^aAaA'^ is convergent in the weak operator topology it is easy to see that the series 
— J2\a\>i ^aAaXAl^ convcrgcncc is in the weak operator topology. Moreover, the above- 
mentioned inequality is true for any subset A in {a G : |a| > 1}. In particular, we deduce that 

\{<^f,A{X)x,y)\ < \\X\\{<i>f,A{I)x,x)'/^ {<ff,A{l)y,y)'^\ x,yen. 

On the other hand, since the map ^^j^\{X) := J2i<\a\<k fla^aATA* , X e B{'H), is completely positive for 

each A: e N and <^f,A{X) = WOT- limfe_).oo ^''^\{X), we deduce that ^f.A is a completely positive map 
on B{'H). Since ^ OaAaA*^ is convergent in the weak operator topology, for any e > and x,y €1-1, 

\a\>l 

there is A^o G N such that 

{aaAaA*^x,x) < e and ^ {aaAaA*^y,y) < e. 

\a\>N„ \a\>No 

Using the above-mentioned inequalities, we deduce that 

\{ac.A^XA*^x,y)\<e\\X\\. 

\a\>No 

Now, it is easy to see that ^f^A is WOT-continuous on bounded sets. On the other hand, we also have 
J2\a\>No liaar^^^AaXAl^x^y)] < e\\X\\ for any r e [0,1]. This can be used to show that ^f^AiX) = 
WOT-lim^^i <i>f^rA{X) for any X e B{H). The proof is complete. □ 

We remark that Lemma 11.41 remains true if {aQ,}|Q,|>i is just a sequence of positive numbers and 
A := {Ai, . . . , An) € B{H)^ is an n-tuple of operators such that J2\a\>i O'aAaA'^ is convergent in the 
weak operator topology. 

We denote by C(/, A)+ the cone of all positive operators D e -B(H) such that 

{id- <^>f^AY{D) >0 for s = 1, . . . ,TO. 

We denote by Crad{f,A)^ the set of all operators D e C(/, A)+ such that there is 5 G (0,1) with the 
property that D £ C{f, rA)^ for any r e {S, 1]. 

A few examples are necessary. Note that if m = 1 then we always have C(/, A)+ = Crad{f,A)^. We 
remark that if m > 2 and p = aiXi + • • • + anX„, Oi > 0, then we also have C{p, A)^ = Crad{p, A)'^ . 
Indeed, it is enough to see that if < r < 1, then 

[id - %,rAf{D) = [{id - %^a) + (1 - r)%^At {D) 

for any k = 1, . . . ,m. Since {id — > for j = 1, . . . ,m and using the fact that $p ^ is a 

positive linear map, we deduce that {id — ^p^rA)''{D) > for fc = 1, . . . , m and r £ (0, 1], which proves 
our assertion. Note also that when m > 1 and q is any positive regular noncommutative polynomial so 
that, for each s = 1, . . . , m, {id — is a positive invertible operator, then D £ Crad{q, A)~^ . 

We say that T>f{'H) is a radial domain ii there exists 6 £ (0, 1) such that {rWi, rWn) £ T>f{F'^{H„)) 
for any r £ {S, 1], where {Wi, . . . , ]¥„) is the universal model associated with D™. We remark that the 
notion of radial domain does not depend on the Hilbert space "H. Note that if m — 1, then 'Dj{H) 
is always a radial domain. This case was extensively studied in |28) . When m > 2, we point out the 
particular case p :— aiXi + • • • + a„A"„, > 0, when T>^{'H) is also a radial domain. 
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Now, we are ready to show that, for radial domains D™(H), the elements of the noncommutative cone 
Cradif, are in one-to-one correspondence with the elements of a class of noncommutative Berezin 
transforms. 

Theorem 1.5. Let D™(H) be a radial domain, where f :~ X]|a|>i '^""'^ct is a positive regular free 
holomorphic function and m > 1. Let V be a family of noncommutative homogeneous polynomials and 
let B {Bi, . . . ,Bn) be the universal model associated with the noncommutative variety VJ^-p. If A := 
{Ai, . . . , An) ^ B{'H)" is such that J2\a\>i^aAa A'^ is SOT-convergent and p(Ai, . . . , An) = 0, p^V, 
then there is a bijection 

r : CP(A,V}'» ^ Crad{f,A)+, r(^) := ^(/), 

where CP{A,VJ^-p) is the set of all completely positive linear maps ip : Sf^-p — > B{'H) such that 

^(B^B;) = AMI)AI, a,/3eF+ 

where Sfj> := span{BaB^ : a, /3 G ^ti}- Moreover, if D G Cradif^A)^, then T~^(D) coincides with the 
noncommutative Berezin transform associated with q :— {f,m, A, R,V) and defined by 

Bg [x] := hm (x <E) I)Kg^ , x e , 

where qr '■= {f-,m,rA,Rr,V) and Rr '■= (id— ^ f rAY^iD), r G [0,1], and the limit exists in the operator 
norm topology. 

Proof. We recall that the subspace Af-p ^ {0} is invariant under each operator Wi, . . . , W* and Bi 

W^jIa^-p: i — I, ■ . ■ ,n. Setting B := {Bi, . . . , and taking into account that ^f^w{I) < I, we deduce 
that < / and, consequently, ^f^rsil) — Z^fcli S|a|=fc '^"'''"'-^"^q — where the convergence 

is in the operator norm topology. This implies ^f^rsi.!) £ Sf^-p for any r G [0, 1). The fact that D™ is a 
radial domain implies {rWi, . . . ,rWn) G D™(i^^(i/„)), r G {S, 1), for some S G (0, 1) and, consequently, 
{id ~ ^f,rB)%I) > for s = 1, . . . , m and r G {S, 1). Since 

oo 

k=l \a\=k 

and 11$ J — 1 ^^^y G it is clear that ^g{I) G Sf^-p. Taking into account that 

izd-^f,rB)^I) - E(-l)-' ( ■) '^irsil), J G N, 

we deduce that {id — ^f^rB)^{I) G Sf,p for s ~ l,...,m. Now, assume that (p : Sf^p — > B{H) is a 
completely positive linear map such that 

^{B^B;) ^ AMl)A*p, a,Pe¥+. 

Then, setting D := (/?(/), we deduce that D > and 

{id ~ ^f,rA)'{D) = if {{id - > 0, r G ((5, 1), 

for any s ~ 1, . . . , m. Since the series ^ aaAaA^ is SOT-convergent one can use Lemma ll.4l to deduce 

q|>1 

that = WOT-lim^^i ^/^^^ll?) for fc G N and, moreover, 

{id-'S>f a)"{D) = WOT- lim{id-<i>f,rA)"{D) > 

' r— >1 

for any s = 1, . . . , m. This shows that D G Cradif, A)^. To prove that F is one-to-one, let (pi and (p2 be 
completely positive linear maps on Sf_-p such that (pj{BaBp) = Aa'Pi{I)Ap, a, /3 G F+, and assume that 
r(^i) = T{p2), i.e., vi{l) = V2{I)- Then we have (^i(BaB^) = ¥>2(S„Bp for a,/3 G F+. Taking into 
account the continuity of (pi and (/32 in the operator norm, we deduce that ^pi — ^2- 

To prove surjectivity, fix Z? G Crad{f t A)'^ . Then D G B{H) is a positive operator with the property 
that there is 5 G (0,1) such that {id — ^f,rA)''{D) > for any s — l,...,m and r G {S,l). Since 
the set V consists of homogeneous noncommutative polynomials , we have p{rAi, . . . , rA„) — for any 
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p € V and r <E (5,1). We show now that, for each r G (5,1), the tuple := {f,m,rA,Rr,V), where 
Rr := {id — ^/^rA )"*(£*), is compatible. Indeed, we can use the equality 



i,j e N, 



and Lemma 11.31 to obtain 



m— 1 



E ( ' ^™ 7 ' ) 'J'/.-.l^^) - D - WOT- ^hm E (' I ' ) ^^Ai^d - ^,^.,yiD) 

k=0 ^ ^ j=0 \ / 

= D-WOT- lim <S>'irAD)- 

fc— >CXD ■' ' 

Since $/,^a(£') < r2'=$^^^(L>) < r^'^L*, we have WOT-limfc_^oo $/.rA(^) = 0- Therefore, we deduce that 

'fc + m - l\ 



(1-6) Ell = ^' " ^ 1) 



fc=0 

According to Lemma 11.21 the constrained noncommutative Berezin kernel Kq^, r S (5,1), associated 
with the compatible tuple qr :— (/, rA, Rr, V), has the property that 

(1.7) Kq^irA*) ^ {B* In)Kg^, z = l,...,n, 

where (Bi, . . . , i?„) is the n-tuple of constrained weighted left creation operators associated with the 
noncommutative variety V™^ , and 

= E 1 ^) ^irAiRr), r e (6, 1), 

where Rr {id — ^ f^rA)"^{D). Hence and using relation (11.61) . we obtain 

(1.8) KlKq^=D, re (5,1). 
For each r G (5, 1), define the operator Bg^ : Sf,-p — > B{H) by setting 
(1-9) B,^(X) := Kl{x^In)Kg^, X e 
Using relation (jl.7p and (jl.Sp . we have 

(1.10) i^;,(B„B;®/)ifg^ =rl"l+l'5U„i?A;, a,/3eF+, re (5,1). 

Hence, and using relations (jl.Sp and (|1.9p . we infer that B,^ is a completely positive linear map with 
B,^(/) = D and ||BgJ| = ||i:>|| for r e (5, 1). 

Now, we show that linir^i Bq^(x) exists in the operator norm topology for each x G ^f.v- Given a 
polynomial <p(i?i, . . . , i?n) /3gf+ o,ai3BaB*p in the operator system 5/^^, we define 

i^i3(Ai, . . . ,A„) := E aajsAaDA*!^. 

The definition is correct since, according to relation (ll.lOp . we have the following von Neumman type 
inequality 

(1.11) \\^d{Au---.A^)\\ < ||Z?||||^(i?i,...,i?„)||. 

Now, fix X G Sf-V and let (/s^*^^ (Bi, . . . , Bn) be a sequence of polynomials in Sj^-p convergent to x, in the 
operator norm topology. Define the operator 

(1.12) XDiAi,...,An):= Mm ^^^\Ai,...,An). 

k^oo 

Taking into account relation (|1.11D , it is clear that the operator xoi^i^ • ■ • , ^n) is well-defined and 

\\xd{A^,...,A„)\\ < \\D\\\\x\\. 

According to relation (jl.lOp . we have 

\\^^^\rA,,...,rA,,)\\<\\D\\y('^\B,,...,Bn)l 
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for any r € (S, 1). Taking into account that Bg^ is a bounded linear operator and using again relation 
(jl.lOp . we deduce that 

(1.13) lim ^^^\rAi,...,rAn)= lim /C* (^^ (Bi, . . . , B„) ® = B,Jx], 

for any r g {S, 1). Using relations ()1.12p . ()1.13p . the fact that \\x — (fi^'^^ {Bi, . . . , _B„)|| as fc — > cxd, and 

hm ^(^-^ (rAi , . . . , rA„) = ^^.^^ (Ai, . . . , A„), 

r— >1 

we can deduce that 

limB^Jx] =Xd{Ai,...,A,i) 

r— )-l 

in the norm topology. Indeed, note that 

\\XD{Ai,...,Ar.)-B,M\\ 

<\\XD{Au...,An)- ^P{A^, . . . , + yP{A,,. . . , A„) - B,^(^W)|| 

+ ||B,^(^W)-B,„(x)|| 
< llx - . . . , i?„)||||i?|| + yPiAi, . . . , A„) - ^^'^Mi, . . . , rA„)\\ 

+ \\X-^^''\B,,...,B„)\\\\D\\. 

For any r g ((5,1), B^^ is a completely positive linear map. Hence, and using relation (jl.lOp . we infer 
that 

B, [x] := lim Kl (x (E> I)K,^, x e , 

r— ^1 ^ 

is a completely positive map with Bg(/) = 13 and 'Bq{BaBp) = AQBg(/)yl^, a,/3 G F+. The proof is 
complete. □ 

The following result is an extension of the noncommutative von Neumann inequality (see [33], |19j . 

m, [25]). 

Corollary 1.6. Under the hypotheses of Theorem \1.5l if D G Cradif, A)~^ , then we have the following 
von Neumann type inequality: 



AaDA*f)(E}Ca,i3 

a,0eA 



< \\D\ 



BaB*p ® Ca,p 



for any finite set A C F+ and Cajj G B{£), where £ is a Hilhert space. If, in addition, D is an invertible 
operator, then the map u : .A„(V™p) Biji.) defined by 

u{p{Bi,...,Bn)) ■.^p{Ai,...,An) 

is completely bounded with ||m||c6 < ll^^"""^^!! . 

Proof. Due to relation (jl.lOp . we have 

{Kl ® h){Bc.B} ®I®C^,p){K^^ ® le) = rl"l+'^U„i^A^ ® C^,p, a,/3 G F+, r e (<5, 1). 

Since K^Kq^ = Z3 for r G (<5, 1), one can easily deduce the von Neumann type inequality. To prove the 
second part, note that, if D is invertible, then the first part of this corollary implies 

\\p{A,,...,A„)f < \\D-^/YMAi,...,A.r,)D^/Y 

= \\D-^/Y\\p{Ai, . . . , A^)Dp{Ai, . . . , A„)*|| 

< \\D-'/Y\\D\\\\p{Bi,...,B„)p{B,,...,B^r\\ 

^\\D-'/Y\\D'/YMBi,...,B,,)r 
for any noncommutative polynomial p. A similar result holds if we pass to matrices. Therefore, we deduce 
that u is completely bounded with ||m||c6 < ||-D^"'^/^||||-D"'^''^||. The proof is complete. □ 

Example 1.7. (i) When m = 1, f = Xi + • • • + Xn, and D = I , we obtain the noncommutative 
Poisson transform introduced in 21 (case V = {0} ) and |24j (case V ^ {0} ). 
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(ii) When m = l, f = Xi -\ + Xn, V = {0}, and D > such that ADA* < D, we obtain 

the noncommutative Poisson transform from j22j . 

(iii) When m > 1, D — I , and f is an arbitrary positive regular free holomorphic function, we 
obtain the noncommutative Berezin transforms associated with noncommutative domains D™ or 
noncommutative varieties VJ^-p, which were studied in [25J and [28] . 



2. Generalized noncommutative Berezin transforms and the cone Cpureif,Ay 

In this section, we study the noncommutative cone Cpureif, ■A)'^ of all pure solutions of the operator 
inequalities {id — $ f^AYiX) > 0, s = 1, . . . , m. When A is a pure n-tuple of operators in the noncommu- 
tative variety Vj-p{7i), we obtain a complete description of the noncommutative cone C(/, A)~^ . 

Let A := (Ai,...,A„) e B{H)" be such that X]|q|>i "^a^a^a convergent in the weak operator 
topology and recall that 

<i>fAX) ■■= J2 ^c^A^^Al, X e B{H), 

\a\>l 

where the convergence is in the weak operator topology. We assume that $ f^A is power bounded. A 
self-adjoint operator C G B{'H) is called pure solution of the inequality {id — > if 

{id - $/,a)™(C) > and SOT- lim ^) = 0- 

Note that since is power bounded, Lemma [1.31 implies $/^a(C) < C. This can be used to show 

that a pure self-adjoint solution is always a positive operator. In what follows we present a canonical 
decomposition for the self-adjoint solutions of the operator inequality {id — > 0. 

Theorem 2.1. Let f :— '^\a\>i'^<^-^" be a positive regular free holomorphic function and m > 1. Let 
A := (Ai, . . . ^ An) G B{'Hy^ be such that ^ aaAaA'^ is convergent in the weak operator topology and 

\a\>l 

^f,A is power bounded. IfY = Y* G B{'H) is such that {id — > 0, then there exist operators 

i?, C G B{'H) with the following properties: 

(i) Y^B + C; 

(ii) B = B* and 'i>f.A{B) = B; 

(iii) C > 0, (id- $/^a)"(C) > 0, and SOT-limfe^oc = 0- 

Moreover, the decomposition Y ~ B + C is unique with the above-mentioned properties and 

k-l 

B = SOT- lim . (F) = SOT- lim - V , (F). 

fc-s-oo •'' fe-J-oo k ^ — ' 

Proof Let Y = Y* e B{V.) be such that {id - ^ f ^aT {Y) > 0. Since is power bounded, LemmadH 
implies $/^^(y) < Y. Consequently, the sequence of self-adjoint operators A(^)}fe^o bounded and 
decreasing. Thus it converges strongly to a selfadjoint operator B := SOT- lim $^^(F). Since 

is a W^OT-continuous map, we have $/_^(i?) = B. Note that C := Y — B > satisfies the inequality 
$/,a(C) < C, and (id- $/,a)'"(C) = (id- $/,yi)"(r) > 0. Moreover, $J^^(C) ^ strongly, as fc ^ oo. 

To prove the uniqueness of the decomposition, suppose Y = Bi + Ci, where Bi and Ci have the same 
properties as B and C, respectively. Then 

B-Bi= ^(B - Bi) = ^(Ci - C), fc G N. 

Taking fc — ^ cx), we get B = Bi and, consequently, C = Ci. Since < <i>j^(C) < C, fc G N, and 

SOT - lim ^(C) = 0, a standard argument shows that SOT-limfe^oc, t Eto = 0- On the 

other hand, since Y = B -\- C and = we infer that 

lj:'^UY)=B+ij:^,Aic). 

3=0 j=0 

Hence, the result follows. The proof is complete. □ 
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We denote by Cpureif, A)'^ the set of all operators D e B{H) such that 

{id-^f^Ay{D)>0, s-l,...,m, 
and <i>y a(^) ^ strongly, as A: — ?> oo. Note that such an operator D is always positive. 

Theorem 2.2. Let f :— J2\a\>i'^aXa be a positive regular free holomorphic function and m > 1. Let 
V be a family of noncommutative polynomials with Afp ^ {0} and let B := [Bi, . . . , i?„) be the universal 
model associated with the noncommutative variety V^-p- If ^ ■— (^i,---,^n) G B(H)" is such that 
X]|q|>i '^ct^a^Q ^•^ SOT- convergent and p(Ai, . . . , An) =0, p^V, then there is a bijection 

r : CP^'{A,VJ^^) ^ Cpureif, A) + , r(^) (^(1), 

where CP"' (A, V™p) is t/ie set o/ all w* -continuous completely positive linear maps ip : SJ-p — > 
such that 

ipiB,,B;) ^ AMl)A*p, a,/3eF+ 

where SJ^ := span"' {BaB'p : a, (3 E IF+}. In addition, if D E Cpureif , A)'^ , then T^^iD) coincides 
with the noncommutative Berezin transform associated with q := (/, to, A, i?, T-") and defined by 

Bg[x]:=K;ix(^I)K,, X^Sf^,, 

where R := (id - <I>/,a)™(£')- 

Moreover, an operator D G -B(H) is in Cpureif , A)'^ */ '^'"^^ '^^^U */ there is a Hilbert space D and an 
operator K : Ji ^ Af-p 2? such that 

D^K*K and KA*^iB*®Iv)K, i = l,...,n. 
Proof. Assume that (p : SJ-p — > -B('H) is a t(;*-continuous completely positive linear map such that 

>fiB^B*f;) ^ AMI)A}, a,/3e¥+. 

Then, setting D :— and taking into account that = X]|q|>i '^a^Q^a SOT convergent, we 

deduce that 

iid - $/,a)'(^) = ^ Hid - > 0, s - 1, . . . , TO. 

On the other hand, recall that {^^f silT^k'^i ^ bounded decreasing sequence of positive operators 
which converges strongly to 0, as fc — > oo. Since $^^(Z?) — ipi^'j ^il)) for all G N, one can easily 
see that {*&^^(-D)}^^ is a bounded decreasing sequence of positive operators which converges strongly, 
as A; — >■ oo. Taking into account that (p is continuous in the i(;*-topology, which coincides with the 
weak operator topology on bounded sets, we deduce that <i>j^(Z3) — strongly, as fc — )■ cx). Therefore, 
D G Cpureif , A)^ . To prove that F is one-to-one, let ifi and ip2 be i«*-continuous completely positive 
hnear maps on SJ^ such that ipjiBaB^) = AaipjiI)Ai3, a,/? G F+, and assume that r((^i) — r((/?2), i.e., 
(/3i(J) = f2il)- Then we have ipiiBaBp) — (^2(-Ba-B^) for a,/3 G F^. Since ipi and ip2 are i/7*-continuous, 
we deduce that ipi — ip2- 

We prove now that F is a surjective map. Let D G Cpureif, A)~^ be fixed. According to Lemma [TT^ the 
constrained noncommutative Berezin kernel Kq associated with the compatible tuple q :— if, to. A, R, V), 
has the property that 

(2.1) KqA* ^ iB* (g> In)Kg, i = l,...,n, 

where (i?i, . . . , Bn) is the universal model associated with the noncommutative variety VJ^-p, and 

where R :— iid — <i>/_A)'"(Z?). As in the proof of Theorem 11.51 we can use Lemma [1.31 and the fact that 
WOT-limfe^oo = 0, to obtain 

= E 1" ~1 ') '^Z.^^^) - ^ - WOT- ^lim ^UD) = D 
k=a ^ ^ 
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Define the operator Bg : SJj, — > B{H) by setting 

Now, due to relation (|2.1[) it is easy to see tliat 

B^{B^B}) = k;{B^B} ® I)Kg = Ao^DA}, a,l3e ¥+. 

Consequently, £ CP^ (A, V™p) has the required properties. 

To prove the last part of the theorem, note that the direct implication follows if we take K to be the 
noncommutative Berezin kernel Kq. To prove the converse, assume that there is a Hilbert space T) and 
an operator K -.H ^ Af-p (E) T) such that 



D = K*K and KA* = {B* (g> I-d)K, 



1, 



,n. 



Then 



{td - - K* [{id - $/,i3)^(/) ®Iv]K>0, s = 1, . . . , m. 

Since = K*[<^'j^B{I) (g) Iv]K, \\<i>'}^BW\\ < 1, and ^ strongly, as fc ^ 0, we deduce 

that D G Cpureif, A)^ . The proof is complete. □ 

We remark that, in Theorem l2.21 the set V is of arbitrary noncommutative polynomials with Af-p ^ {0}, 
while, in Theorem 11.51 V consists of homogeneous polynomials. 

The proof of the next result is similar to that of Corollarv ll.61 so we shall omit it. 

Corollary 2.3. Under the hypotheses of Theorem 
von Neumann type inequality: 



if D Cz Cpureifi A)'^ , then we have the following 



J2 A„DA*p(g>Ca,js 

a,/3GA 



< lli^l 



Q,/3eA 



,Bn)^p{Ai,...,An) 



for any finite set A C and C'a^p € B[£), where £ is a Hilbert space. 

If, in addition, D is an invertible operator, then the polynomial calculus p{Bi 
extends to a completely bounded map u : F^^iV^p) B{'H) by setting 

where Kq is the noncommutative Berezin kernel associated with the compatible tuple q := {f,m,A,R,V) 
andR:^ [id - ^ f ^aT [D) . Moreover, ||u||cb < P"^/^!! ||-D^/^|! ■ 

Theorem 2.4. Let f := X]|q|>i Oa^a &e a positive regular free holomorphic function andm > 1. LetV be 
a family of noncommutative polynomials and let A :— (Ai, . . . , An) G B{'H)^ be such that X]|q|>i o^a-^aA*^ 
is SOT- convergent and p{Ai, . . . , An) — for p eV. Then a positive operator G G B{'H) is in C{f, A)^ 
if and only if there exists an n-tuple T :~ (Ti, . . . , r„) S VJ^plJi) such that 

A,G^/^ ^ G^/^T„ i^l,...,n. 
In addition, G G Cpureif , A)'^ if and only if I-u G Gpure{f ,T)^ ■ 

Proof. First, assume that T (Ti, . . . ,T„) G Vfp{'H) satisfies AiG^/"^ = G^I'^Ti, for any i = 1, . . . , n. 
Then we have 

{id - ^f,Ay[G) = G^/^ [(j^ „ ^/.t)"!/)] G^I"^ > 0, s = 1, . . . , TO. 

Taking into account that $y ^(G) = G^/^$y ^ (/)G^/^, fc G N, it is clear that if $^ j.(I) strongly, as 
k ^ oo, then G G Gp„re(/, A)^ . 

To prove the converse, assume that G G B{T-L) is in G(/, Since 

2 



\\g'/'^a:x\\ 

\a\>l 



{^fMG)x,x)<\\G'/'xf 
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for any x G H, we deduce that ag^\\G^/'^A*xf < \\G^/'^x\\^, for any x G H. Recall that Og. ^0, so we 
can define the operator Aj : G^^^CH) G^/'^{'H) by setting 

(2.2) KG^'^x := G^/^A*x, xeH, 

for i — 1, . . . ,n. It is obvious that can be extended to a bounded operator (also denoted by A^) on 
the subspace M := G^/^iH). Set := A*, i = 1, . . . , n, and note that 

[(jd „ $/,m)^(/a^)] G1/2 = (zrf - $/,a)^(G) > 0, s^l,...,m. 

An approximation argument shows that 

(id- $/,A/)'(/7w) > 0, s = l,...,m. 

Define := Ali © 0, « = 1, . . . ,n, with respect to the decomposition V. ~ A4 (B A^^, and note that 
(id - <i>/.T)''(^) > 0, s 1, . . . , m. Due to relation (|2.2I) . ii p eV, then we have 

p(Mi, . . . , M„)*Gi/2 = Gi/2p(Ai, . . . , A„)* - 0. 

Hence, p{Mi, M„) = and, consequently, p{Ti, . . . , r„) =0 for aU p eV. Therefore, (Ti, . . . , T„) e 
Vfp(H) and ^iGi/2 = Gi/2r^, i = 1, . . . , n. 

Assume now that G G Gpure(/, ^)^, i.e., $y^(G) — > strongly, as A; — >■ oo. Since 

we have SOT-linife^oo ^fTi^)y — ^^^y 2^ ^ range G^/^. Taking into account that ||<i>J; y(/)|| < 1, 
fc e N, an approximation argument shows that SOT-limfc_s.oo ^/tI-^)?/ ~ ^ ^'^'^ V ^ G^/'^{H). On the 
other hand, we have $^j,(/)z = for any z e M.^ . Consequently, I-u G Cpure{f,T)^. This completes 
the proof. □ 

In what follows we consider the case when m — 1. Let / := X]|q|>i o-aXa be a positive regular free 
holomorphic function and let P be a family of noncommutative polynomials such that Af-p 7^ {0}. We 
have 

D}(H) :={(Xi,...,X„) eB(H)" : ^ a^X^X*<I}. 

\a\>l 

Let B :— (i?i, . . . , _B„) be the universal model associated with the noncommutative variety Vj^. We 
introduced in [5S] the noncommutative Hardy algebra F.^{Vjj,) to be the -closed algebra generated 
hy Bi, . . . , Bn and the identity. We also showed that F^{Vj -p) — Pa/'p^t'i°('3/)Ia^p- Similar results hold 
for i?^(Vjp), the u'*-closed algebra generated by Gi, . . . , G„ and the identity, where Gi := PvpAijjVp, 
and Ai, . . . , A„ are the weighted right creation operators associated with (see Section 1). Moreover, 
we proved that 

Fr(V|p)' = i?-(V),^) and i?-(V),p)' = (V),p), 
where ' stands for the commutant. An operator M E B{Af-p (Xi IC,Af-p (8) K,') is called multi-analytic with 
respect to the constrained weighted shifts Bi, . . . , Bn if 

M {B, ® Ik.) = {B, ® Ik.')M, i = l,...,n. 

According to the set of all multi-analytic operators with respect to _Bi, . . . , i?„ coincides with 

R^{V}^^)®B{]CX') - PM-p®K'[Rum)®B(l^X')]\N-p®K. 

and a similar result holds for the Hardy algebra -F'^(Vjp). For more information on multi-analytic 
operators, we refer the reader to 20 and 28 . 

Theorem 2.5. LetV be a family oj noncommutative polynomials withM-p ^ {0} and let B := (i?i, . . . , Bn) 
be the universal model associated with the noncommutative variety Vj-p, where f := '^\a\>i^o''^o' 
positive regular free holomorphic function. If T :— (ri,...,r„) is a pure n-tuple of operators in the 
noncommutative variety Vj-p{7i), then 

C{f,T)+ =Cpure{f,T) + 
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and any operator in C{f,T)~^ has the form G = Ph^'^*\'H, where is a multi- analytic operator with 
respect to Bi, . . . , Bn . 

Proof. Assume that T := {Ti, . . . ,Tn) is a pure n-tuple of operators in the noncommutative variety 
Vj-pin), i.e., $/,t(^) ^ strongly, as fc ^ oo. If G € C{f,T)+, then G > and $/,t(G) < G. Since 

0<<i>5;^T(G) < ||G|| fc = l,2,..., 

we infer that G G Cpure{f,T)^. Consequently, we have C{f,T)^ — Cpure{f,T)^. Now, fix an operator 
G e Cpureif,T) + . Due to Theorem [HI we find A e ^(H) satisfying 

TiG^/^ ^G^/^D,, i = l,...,n, 

where . . . , -D„) e Vj -piH) and C)^- ^(/) — > strongly, as fc 0. According to Theorem 3.20 from 
P5] . there is a Hilbert space Mi so that (X) /^vd , . . . , _B„ (g) /a^J is a dilation of (Ti, . . . , r„) on the 
Hilbert space K-i :— Afv <8i Mi 3 i.e., Ti — Pu{Bi ® lMi)\n, i = 1, . . . , n, and H is invariant under 
each operator B* ® Imi ■ Similarly, let [Bi ® Im^ ,Bn Im^ ) be a dilation of {Di , . . . , _D„) on a 
Hilbert space K,2 '■= J^v ® M2 ^ "H. According to the noncommutative commutant lifting theorem from 
pg] (see Theorem 4.2), there exists an operator G : IC2 ICi such that G*{H) C H, G*\n = G^/^, 
||G|| = ||Gi/2||,and 

G* {B*®Im,) = {B*®Im2)G*, i = 1, . . . , n. 

It is easy to see that 

*/,B«7^,(GG*) = G<i>/,B«/^J/)G* < GG*. 
Setting Q GG*, we have ||Q|| = ||G||, and 

G = PnG\HG^'^ = PnGG*\H = PnQ\n- 

Note also that 

(GG*) = G$^^5^,^^ (/)G*, € N. 

Since '^^f st^iM ^ strongly, as fc — > 00, we deduce that *&/ b^/^ (GG*) — > strongly. Therefore, 
Q e Cpureif,B(E)lM^)^ and G = P-hQ|«. 
Conversely, if Q G Cpureif, B (g) /a^i)"*", then 

\a\>l 

= PH[<^f,W^I^,,{PnQ\H)]\H 

<Pn['ff..w»i^AQ)]\n 
<PnQ\n- 

On the other hand, since 

< 'ff^TiPnQM < Ph^),b<,,Im, mu ^0, as fc ^ 00, 
it is clear that G := PhQW is in Gpure{f,T)'^. We have proved that 

Gpure{f,T)+ ^ Pn [Gp„.e(/,B®/A^J + ] \n- 

Now, we determine the set Gpureif, B (g) Imi)'^ ■ To this end, let Q e Gpureif, B (g) Imi)^ ■ According 
to Theorem 12. 2[ Q G Gpureif, B ® ^Mi)^ if and only if there is a Hilbert space V and an operator 
K : Af-p Ml ^ Afv "Si V such that Q = K*K and 

{B,®Imi)K* = K*(B,®Iv), i = 
i.e., if* is a multi-analytic operator with respect to . . . , The proof is complete. □ 
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3. Joint similarity to operators in noncommutative varieties 

In this section we provide necessary and sufficient conditions for an rt-tuple A := {Ai, . . . , An) € B{H)'^ 
to be jointly similar to an n-tuple T := (Ti, . . . , T„) satisfying one of the following properties: 

(i) Tevjyin); 

(ii) Te{xe Vf^iU)) : {id - = O}; 

(iii) T e e V^^iU)) : (id - > o}; 

(iv) T is a pure n-tuple in Vpp(H), i.e., $j — > strongly, as fc — oo, 

where 7^ is a set of noncommutative polynomials. We show that these similarities are strongly related to 
the existence of invertible positive solutions of the operator inequality {id — <i>/_^)™(y) > or equation 
{id — = 0. Several classical results concerning the similarity to contractions have analogues 

in our multivariable setting. 

Let / = '^\a\>iO'aXa be a positive regular free holomorphic. For any n-tuple of operators A := 
(Ai, . . . , An) e such that 

aaAoiA*^ is convergent in the weak operator topology, define the 
joint spectral radius with respect to the noncommutative domain by setting 

r/(Ai,...,A„):= hm \\^Ij,{I)\\^''\ 

In the particular case when / := X\ + • • • + we obtain the usual definition of the joint operator radius 
for n-tuples of operators. 

Our first result provides necessary conditions for joint similarity to n-tuples of operators in noncom- 
mutative varieties V™p('H). 

Proposition 3.1. Let f := J2\a\>i '^aXa be a positive regular free holomorphic function and let T := 
(Ti,...,T„) e B{%)" and A := (Ai,...,A„) e _B(/C)" be two n-tuples of operators which are jointly 
similar, i.e., there exists an invertible operator Y :% ^ K, such that 

A, = YTiY-\ i = l,...,n. 

If V is a family of noncommutative polynomials and T G V™.p('H), then the following statements hold: 

(i) X]|a|>i ^ct^ct^a convergent in the weak operator topology; 

(ii) $ f^A is a power bounded completely positive linear map; 

(iii) r/{Ai,...,An) < 1; 

(iv) p{Ai,...,An) = for all p e V; 

(v) if $j j,(/) -> strongly, as k ^ oo, then "I>^ ^(/) — > strongly. 
Proof Note that 

J2 a^A^Al= J2 a^yToX-\Y-^)*T*^Y* 

l<|a|<fc l<|Q|<fe 

\l<|a|<fc / 

for any fc e N. Since T (Ti, . . . , T„) G V™p(H), the series X]|a|>i ^aTaT* is convergent in the weak 
operator topology and p{Ti, . . . ,r„) = for all p £ V. Now, due to inequality above, it is easy to see 
that item (i) holds and 

*/,a(/) < \\Y-'^\\^Y^f^T{I)Y* < \\Y-^\\^\\Y\\^I. 
According to Lemma [1.41 ^f^A is a completely positive map. As above, one can also show that 

< \\Y^^fY^'f.T{I)Y* < ll^^^ll^ll^ll^^, keN, 
which proves item (ii) and implies items (iii) and (v). Since item (iv) is obvious, the proof is complete. □ 
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We recall that C(/, A)+ is the cone of all positive operators D E B{H) such that {id — > 

for s = 1, . . . , m. Now, we are ready to provide necessary and sufficient conditions for the joint similarity 
to parts of the adjoints of the universal model {Bi, . . . , i3„) associated with the noncommutative variety 

Theorem 3.2. Let m > 1, / := X!|q|>i ^q^q be a positive regular free holomorphic function and let V 
be a family of noncommutative polynomials with Af-p 7^ 0. If A := {Ai, . . . , A„) G B{'Hy^ is such that 
J2\a\>i^aAaAl^ is convergent in the weak operator topology and p(Ai, . . . , An) = 0, p E V, then the 
following statements are equivalent. 

(i) There exists an invertible operator Y :% ^ Q such that 

A:=Y-\B*®In)\g]Y, z = l,...,n, 

where Q C M-p ® % is an invariant suhspace under each operator B* ® Iq-i and {Bi, . . . , i?„) is 
the universal model associated with the noncommutative variety V™^. 



00. 



(ii) There is an invertible operator Q G C{f,A)^ such that $^^((3) strongly, as k 

(iii) There exist constants < a < b and a positive operator R E B{'H) such that 

fc=0 ^ ^ 

Proof. We prove that (i) (ii). Assume that (i) holds and let a, 6 > be such that al < Y*Y < bl. 
Setting Q := Y*Y and using the fact that $/^b(/) < / and Hq, > 0, we have 

*/,a(Q)= V a^Y*[Pg{B^B*^(g>InMY 




|a|>l 



Y 



Similar calculations reveal that 

[id -^f^^YiQ) = Y* {Pg [(id - ^f^AYil) ®I]\g)Y>Q, s = 1, . . . , TO. 
Therefore, Q € C{f, A)^ . Since (i?i, . . . , _B„) is a pure n-tuple in the noncommutative variety V™^, we 
have ^jbW ~^ strongly, as fc 00. Taking into account that ^j^{Q) = Y* Pg{^f ^{1) <S) I)\g Y 
for fc G N, we deduce that $j ^(Q) — >• strongly, as A; — cx). Therefore item (ii) holds. 

Now, we prove the implication (ii) ^ (iii). Let Q G C(/, A)+ be an invertible operator such that 
^/,a(Q) ~^ ^ strongly, as A; ^ 00. Set R := {id — $/^^)™(Q) and note that, using Lemma [Ol we obtain 

E ( T-'i ) ^ur) - Q - SOT- Jim ry) ^',:ii^d-^,.yiQ) 

k=0 ^ ^ j=0 ^ ^ 

= Q- SOT- lim ^\ jSff) = Q- 

fc— >CX0 ■' ' 

Hence, we deduce item (iii). It remains to show that (iii) (i). Assume that item (iii) holds. Consider 
the noncommutative Berezin kernel K^f^ r ■ ^ ^ F^{Hn) <8) "H associated with with the quadruple 
(/, m. A, R) and defined by 



K^f^Rh = Y yb^e^ ^ R'/'A^h, hen. 
According to Lemma 11.11 and using item (iii) , we have 

(3.1) a\\hr < \\K^;:inhr - E f ^ 1,™ 7 ^) i^UiR)''^ h) < b\\h\\\ hen. 



k=0 
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Consequently, the range of Kj"^j^ is a closed subspace of F'^{Hn) ® %■ On the other hand, we showed 
in Lemma 11.21 that 

range K^^l^ C Af-p (g) W^nj 



and the noncommutative Berezin kernel Kg : H — > Af-p <E) R^/'^{H) associated with the compatible tuple 
q := (/, TO, A, R, V) and defined by 



has the property that 

KqA* = {B* ^ Ij^^j^)Kq, i = l,...,n. 

Consequently, the range of Kq is a closed subspace of Af-p ® % and it is an invariant subspace under each 
operator B* (E) I-h, i = 1, ■ • ■ , t^- Since the operator Y : H rangeKq defined by Yh := Kqh, h E H, is 
invertible, we have 

(3.2) ^*=r-i[(s*^/__)|g]y, i^l,...,n, 

where G :— rangeKq. This proves (i). The proof is complete. □ 

We remark that under the conditions of Theorem 13.21 part (iii), we can use relations p.ip and p.2p 
to show that the map * : Ai(V"p) B{n) defined by 

*(p(Bi,...,B„)) :=p(Ai,...,A„) 



is completely bounded with ||5'||cb < y^, and $^^(7) strongly, as fc — > oo. In the particular 
case when to = 1 we have a converse of the latter result. Indeed, using Paulsen's similarity result |14j 
and the fact (which can be extracted from |28j ) that any completely contractive representation of the 
noncommutative variety algebra ^„(Vj -p) is generated by an n-tuple (Ti, . . . , Tn) € Vj ■p('H), we infer 
that (Ai,...,A„) is simultaneously similar to an n-tuple (Ti,...,r„) e Vy-p('H) and <i>jij,(/) — > oo 
strongly, as A; — >■ cxd. This proves our assertion. 

Taking i? = / in Theorem 13.21 we can obtain the following analogue of Rota's model theorem, for 
similarity to n-tuples of operators in the noncommutative variety V™p('H). 

Corollary 3.3. Let V be a set of noncommutative polynomials with Af-p ^ and let A :— {Ai^ . . . , An) G 
B{nY he such that . . . , A„) = 0, p G "P, and 

k=Q ^ ^ 

for some constant b > 0. Then, there exists an invertible operator Y :'H ~^ Q such that 

A*^Y-^[{B*®IhMY, z = l,...,n, 

where Q C Af-p <8) "H is an invariant under each operator B* ® I-u and {Bi, . . . , _B„) is the universal model 
associated with the noncommutative variety VJ^-p. 

Another consequence of Theorem 13.21 is the following analogue of Foia§ [9] and de Branges-Rovnyak 
[6] model theorem, for pure n-tuples of operators in V™p('H). 

Corollary 3.4. An n-tuple of operators T :— (Ti, . . . ,T„) G i?('H)" is in the noncommutative variety 
V^-p and it is pure, i.e., ^jrp{I) strongly, as fc — >■ cx), if and only if there exists a unitary operator 
U : H ^ Q such that 

T* ^U*[{B*(g>lT,)\g]U, t = l,...,n, 



1/2 

where D [{id — $y,T)'"(-^)] {H), the subspace Q C Afp 'E'H is invariant under each operator B* (g) I-p, 
and {Bi, . . . , is the universal model associated with the noncommutative variety V™^. 
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Proof. Let T := (Ti, . . . ,r„) e Vf-p{W) be such that «'/,T(-f) ^ strongly, as fc -> oo. A closer look at 
the proof of Theorem I3.2[ when A — T and Q = I-u, reveals that 

k=0 ^ ^ 

where B := {id — Consequently, Kg is an isometry and the operator U :H ^ Kg{H), defined 

by Uh :— Kgh, h E H, is unitary. Now, one can use relation (13.21) to complete the proof. □ 



Next we obtain an analogue of Sz.-Nagy's similarity result [50] . 

Theorem 3.5. Let m> 1, f := X]|a|>i '^aXa be a positive regular free holomorphic function and let V 
be a family of noncommutative polynomials. If A := (Ai, . . . , An) G B{'H)^ is such that X]|q|>i o-aAaA'^ 
is convergent in the weak operator topology and p(Ai, . . . , An) — 0, p CzV, then the following statements 
are equivalent. 

(i) There exist (Ti,...,T!„) G VJ^-p{'H) such that (id — ^f_T)"^{I) = and an invertible operator 
Y e B{n) such that 

A,=Y-^T^Y, i^l,...,n. 

(ii) There exist positive constants < c < d such that 

cl < ^'J;a{I) <dl, k£ N. 

(iii) A 'is power bounded and there exists an invertible positive operator Q €E B{'H) such that {id — 

^f,Ar{Q) = 0. 

Proof. First we prove that (i) (ii). Assume item (i) holds. Then we have 

$).^(/) = Y-^<^)j,{YY*)Y*'^ 

< \\YY*\\Y-^'i>'}T{I)Y*^^ 

< \\Y\\^\\Y-^\\^I 



for any fc G N. Now, we show that = /. As in the proof of Theorem 13. 2[ we have 

T.('T-'i ) ^lTi^d^^LT)-{i) = / - E r ) ^tT^^d-^,^ry{i) 

for any g e N. Consequently, if {id - <^f^T)™'{I) = 0, then 



m— 1 / .\ 



Using Lemma [Ol we deduce that / = limg^oo 'f / ri^)- Since $/^t is a positive linear map and $/_t(-^) < 
/, we have 

/= lim ^^{I) < ... < $fT(^) < *fT(/) < 
Hence, we deduce that ^f^T{I) = I- Consequently, we have 

< \\Y-^Y*^^\\ y<i>^.^(/)y* 

for any k £ N. Hence, we deduce that 

y-ly*-l < ||y-l||2^fc^(j)^ fceN, 

which implies 

^f.A^'> - \\Y-m^' - \\Y\mY-^\^ 

Therefore, we have proved that 
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Therefore, item (ii) holds. We prove now the imphcation (ii) => (iii). Assume that item (ii) holds. For 
each fc > 1, we define the operator 

k — l 

and note that cl < Qk < dl. Since the closed unit ball of B{T-L) is weakly compact, there is a subsequence 
{Qkj}fLi weakly convergent to an operator Q G B{'H). It is clear that Q is an invertible positive operator 
and al < Q < hi. Since 

and taking into account that ^ '^^/a (^) in norm as j — > oo , we get 1 1 Qa-^ — (Qfe^ ) 1 1 — > 0, as j — > oo . 
On the other hand, according to Lemma [TT^ ^f,A is WOT-continuous on bounded sets. Now, using the 
fact that Qk- converges weakly to Q, we deduce that = Q, which implies (id — = 

and shows that item (iii) holds. 

It remains to show that (iii) => (i). Assume that ^f^A is power bounded and there exists an invertible 
positive operator Q € B{H) such that such that {id — <I'/^yi)™(Q) = 0. Since 

p=0 ^ ^ j=0 ^ / 

for any q G N, we deduce that 

m — 1 , s 

Using Lemma [T31 we deduce that Q ~ limq_j.oo a^Q)- 

On the other hand, since is a power bounded positive linear map with {id — ^f^A)™'iQ) > 0, 

we can use Lemma [1.41 to deduce that {id — $/^a)'*(Q) > for any s = 1, . . . ,m. In paticular, we have 
*&/,a(Q) < Q- Using the results above, we have 

Q = lim (g) < . . . < $J (Q) < $ (Q) < g. 
Hence, we deduce that ^f,A{Q) — Q- Set Ti :— Q^^l"^ A^Q^I'^ for i = 1, . . . ,n and note that 

|a|>l \|a|>l / 

= Q-^/^QQ-^/^ = I, 

which implies item (i). The proof is complete. □ 

Now, we can obtain a noncommutative multivariable analogue of Douglas' similarity result [7]. 
Corollary 3.6. If A :— {Ai, . . . ,An) G B{H)" satisfies the conditions of Theorem \ 3. 5\ and 

$^^(7) :=SOT- hm $5.^(1) 

exists, then the following statements are equivalent: 

(i) $y°^(/) is invertible; 

(ii) there exist (Ti,...,T„) G V™-p{'H) such that {id — <^f,T)™'{I) — and an invertible operator 
Y e B{n) such that 

A,=Y-'^T^Y, i^l,...,n. 
In the particular case when "I>^^^(/) < I, the limit SOT-limfe^oo ^'f Ai^) olways exists. 
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Proof. Assume that item (i) holds. Since is WOT-continuous on bounded sets (see Lemma [1.4|) 

and the hmit SOT-hmfe^oo ^jAi^) exists, we have = $j°^(J). Taking into account that 

$|^^(/) is invertible, item (ii) follows from Theorem 13.51 Conversely, assume that item (ii) holds. Then 
Theorem 13.51 implies cJ < <i>j^(/) < dl for any k E N. Hence, the operator "I>y°4(/) is invertible, and 
the proof is complete. □ 

Given A,Bg B{7i) two self-adjoint operators, we say that A < B ii B — A is positive and invertible, 
i.e., there exists a constant 7 > such that {{B — A)h, h) > 7||/i|p for any h G T-l. Note that C £ B{'H) 
is a strict contraction (||C|| < 1) if and only if C*C < I. 

A version of Rota's model theorem (see [53], [10]) asserts that any operator with spectral radius less 
than one is similar to a strict contraction. In what follows we present an analogue of this result in our 
multivariable noncommutative setting. 

Theorem 3.7. Let m> 1, f :^ 'I2\a\>i ^a^a be a positive regular free holomorphic function and let V 
be a family of noncommutative polynomials. If A := (Ai, . . . , An) e B{'Hy^ is such that X]|ci|>i o,aAaA*^ 
is convergent in the weak operator topology and p{Ai, . . . , An) — 0, p € V , then the following statements 
are equivalent. 

(i) There exist T := (ri,...,T„) € VJ^-p{'H) with (id — $j,t)™(^) > and an invertible operator 
Y e Bin) such that 

A^^Y-^T^Y, i^l,...,n. 

(ii) is power bounded and there exists a positive operator Q G BiJ-L) such that 

{id-<^f,A)"'{Q)>0. 

(iii) rf{Ai,...,An) < 1. 

(iv) hm (7)11 =0. 

(v) ^f^A is power bounded and there is an invertible positive operator R £ i3('H), such that the 
equation 

(zd-$/,A)"(X) = i? 
has a positive solution X in BiT-L). 
Moreover, in this case, for any invertible positive operator R G BiJi), the equation (id— ^ f A)"^{X) = R 
has a unique positive solution, namely, 

where the convergence is in the uniform topology, which is an invertible operator. 

Proof. First we prove the equivalence (i) (ii). Assume that (i) holds and (id — $/^t)™(^) > cl for 
some c > 0. Then we have 

Y [{id-<S>f,A)"\Y-\Y-^)*)] Y* > cl. 

Setting Q := Y~^{Y~^)* we deduce that {id - $/.^)™((5) > 0. The fact that is power bounded is 
due to Proposition 13. II 

Conversely, assume that item (ii) holds and let Q G B{T-L) be a positive operator such that {id — 
$/^^)™(Q) > 0. Since ^j^a is power bounded. Lemma [T31 implies {id— $/^a)'*(Q) > 0, s — 1, . . . ,m. On 
the other hand, since is a positive linear map, we deduce that 

0< (zd-$/,A)"(Q) < ••• < {td-<i>f^A){Q)<Q- 

Therefore, Q is an invertible positive operator. Since 

(zd-$/,^)"(g)>6/ 

for some constant 6 > 0, we can choose c > such that bl > cQ, and deduce that 

Q-i/2[(,d-cO^,^)™(g)]Q-i/2>c/. 

Setting Ti := Q^^/^AjQ^/^, i = the latter inequality implies {id - $/,t)™(/) > 0. Since 

^f,A is power bounded, so is $/,t- As above, using again Lemma lOl we obtain {id — ^f^T)^{I) > 0, 
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s ~ 1,2, ... ,m, which shows that T G Dj*(H). Since p{Ai, . . . , An) = 0, p € V, we deduce that 
T £ Vf-pin). Therefore, item (i) holds. 

Now we prove the equivalence (iii) <J4> (iv). Assume that item (iii) holds and let a > be such that 
r{Ai, . . . ,An) < a < 1. Then there is mo G N such that ^(/)|| < a*^ for any k > mo. This clearly 
implies condition (iv). Now, we assume that (iv) holds. Note that 



rf{Ai,...,Any = lim 



<j,J^fc^(j)||l/2/cj 



< ,lim (||$}^^(/)| 



l/2fc 



1/2 



for any j g N. Consequently, rf{Ai,...,An) < 1, so item (iii) holds. The implication (v) =^ (ii) is 
obvious. In what follows we prove that (i) (iii). Assume that there exists T := (Ti, . . . , Tn) G VJ^-piH) 
with {id — ^f^T)"^{I) > and an invcrtiblc operator Y e B{H) such that 

A, = Y-^T,Y, t = l,...,n. 

Recall that under these conditions we have, in particular, ||<i>/ ,4(/)|| < 1. On the other hand, note that 

r/(Ti, . . . ,T„) = rf{YAiY-\ YA^Y-') 

= lim ||<i>^,^^^_,(/)||V2'= 

< lim iiyir/''ii<i>^.^(/)ir/^'^ 

fe— >oo ' 

= r/(Ai,...,A„). 

Hence, applying this inequality when Y is replaced by its inverse, we deduce that 
rf{Ai,. . . , An) = Tf {Y-\YAiY-')Y, . . . ,Y-\Y AnY-')Y) 
< rf{YAiY-\ YAnY-^) = r/(Ti, . . . ,T„). 

Therefore, we have 

rf{Ai,...,An) = rfiTi,...,Tn) 

= lim ||<f>J,^(/)||i/2'c < ||$^,T(/)ir/' < 1, 

fc— >oo ' 

which shows that item (iii) holds. Now, we prove the implication (iii) ^ (v). To this end, assume that 
rf{Ai, . . . , An) < 1 and let R E B{H) be an invcrtiblc positive operator. We have 



1 



R- 



I < 



fc=0 



Note that 



lim 



Consequently, 
(3.3) 



k + m ~ 1 
TO — 1 



fc + m — 1 
m — 1 



k=0 



<f'},AiR)<(\\R\\J2 



fc + TO — 1 
TO — 1 



-1 l/2fe 



r/(Ti,...,r„) < 1. 



fc + TO — 1 
TO — 1 



'^)AR) < bi 



for some constants < a < 6, where the convergence of the series is in the operator norm topology. Now, 
we can prove that 



.fc=0 



R. 



Indeed, since {id — $/^^)$/.^ — $/^^(i(i— ^f,A), we can use Lemma [1.31 and the fact that 

0< lim ||$).^(i?)|| < ||i?|| lim ||$f^(/)|| =0 



k^oo 



k^oo 
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to obtain 
{id - 



E 

.fc=0 



k + m — 1 
TO — 1 



E 

k=0 



fc + TO — 1 
TO — 1 



m — 1 



= i? - SOT- lim V 



k + i 
i 



i?- SOT- lim ^f^AR) 



k^oo 



Consequently, and due to relation f|3.3p . 

oo 

^-E 



k=0 



fc + TO — 1 

m — 1 



is an invertible positive solution of the equation {id — $j = R. Therefore item (v) holds. 

To prove the last part of the theorem, let X' > be an invertible operator such {id— = R, 

where i? > is a fixed arbitrary invertible operator. Then, as above, we have 



E 

fc=0 



fc + TO — 1 



^ fc=0 ^ ' 



X' ~ SOT- lim a{X') = X'. 



Here we used that < 1|$^ ^(/)|| -j' 0, as fc oo. Therefore there is unique positive 



solution of the inequality (id — — R. The proof is complete. 



□ 



Now we can obtain the following multivariable generalization of Rota's similarity result (see Paulsen's 
book 15). 

Corollary 3.8. Under the hypotheses of Theorem \S. 7\ if the joint spectral radius r/(Ai, . . . , A„) < 1, 
then the n-tuple 

T := {P~^/^A^P^/\ p-^/^A^P^/^) 
is in the noncommutative variety V™p('H) and {id ~ ^ f^T)"^{I) > 0, where 



^-E 

fc=0 

is convergent in the operator norm topology and 

/ oo 

|,pl/2|,|,p-l/2||< ^ 



fc + m — 1 
TO — 1 



VA;=0 



fc + m — 1 
TO — 1 



1/2 



*f,A(/)ll 



In particular, if f is a positive regular noncommutative polynomial, then P is in the C* -algebra generated 
by Ai, . . . , An and the identity. 



Proof. Since 



lim 



fc -|- m — 1 
m — 1 



-1 l/2fe 



r/(Ti,...,r„) < 1, 



the series X]fc!Lo \ i j 11*^/ convergent and we have 



i<p<y: 



k=Q 



fc + TO — 1 
TO — 1 



l<fJ,Aa)ll, 



which implies the upper bound estimation for ^^^||- A closer look at the proof of Theorem l3.7l 

and taking R = I leads to the desired result. The last part of this corollary is now obvious. □ 

Using Theorem 13.71 and Theorem 13.21 we deduce the following result. 
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Corollary 3.9. Let A := (^i,...,A„) G B{T-LY he under the hypotheses of Theorem \3l\ Then the 
following statements hold. 

(i) // r f{Ai, . . . , An) — 0, then, for any e > 0, (Ai,...,A„) is jointly similar to an n-tuple of 
operators (Ti, . . . , T„) G eVf^iU). 

(ii) // there exist positive constants < a < b and a positive operator R G B{'H) such that 

k=0 ^ ' 

then (Ai, . . . , yl„) is jointly similar to an n-tuple of operators (ri,...,r„) G V^.p(Ji\ If, in 
addition, R is invertihle, then (id — ^f^T)™{I) > 0. 

The next result provides necessary and sufficient conditions for an n-tuple of operators be similar to 
an n-tuple in the noncommutative variety VJ^-p, m > 1. 

Theorem 3.10. Let m > 1 , f :— X]|a|>i '^aXa he a positive regular free holomorphic function and let V 
he a family of noncommutative polynomials. If A := (Ai, . . . , A„ ) G -B('H)" is such that X]|q|>i '^q^q^q 
is convergent in the weak operator topology and p{Ai, . . . , An) =0, p G V , then the following .statements 
are equivalent. 

(i) There exist an n-tuple (Ti, . . . ,r„) G V™.p{'H) and an invertihle operator Y G B{'H) such that 

A,=Y-^T,Y, i = l,...,n. 

(ii) is power hounded and there is an invertihle positive operator i? G B{'H) such that 

{id-<i>f^A)"\R)>0. 

If in addition, m = 1 and V is a set of homogeneous polynomials, then the statements ahove are equivalent 
to the following: 

(iii) the map ^ : An(Vjp) B{'H) defined hy 

*(p(Bi,...,B„)) :=p(Ai,...,A„) 

is completely hounded, where AniV]- -p) is the noncommutative variety algehra. 

Proof. The proof of the equivalence (i) (ii) is similar to the proof of the same equivalence from Theorem 
13.71 Consider the case m = 1. If item (i) holds, then 

p{A^,...,An)^Yp{T^,...,Tn)Y-^ 

for any noncommutative polynomial p. Using the noncommutative von Neumann inequality for -piH), 
we deduce ||^||c6 £ Now, if we assume that item (iii) holds, then using Paulsen's similarity 

result [I^ and the fact (see [21]) that any completely contractive representation of the noncommutative 
variety algebra AniVj -p) is generated by an n-tuple (Ti, . . . , r„) G Vj^CH), we infer that {Ai, . . . ,An) 
is simultaneously similar to an n-tuple (Ti, . . . , r„) G Vi p('H). The proof is complete. □ 



4. Joint invariant subspaces and triangulations for n-TUPLES of operators in 

NONCOMMUTATIVE VARIETIES 

In this section, we obtain Wold type decompositions and prove the existence of triangulations of type 

* Cl) ^'^'^ ( * Ccn 

for any n-tuple of operators in the noncommutative variety Vj^iH). As consequences, we show that 
certain classes of n-tuples of operators in Vj •p(H) have non-trivial joint invariant subspaces. 
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Theorem 4.1. Let f := '^\a\>i'^aXa be a positive regular free holomorphic function and m > 1. Let 
A :— {Ai, . . . , An) e B{'H)^ he such that X]|a|>i O'aAaA*^ is convergent in the weak operator topology and 
is power hounded. If D ^ B{T-L) he a positive operator such that {id — <b f^A)™'{D) > 0. Then the 
suh spaces 

kerZ?, {hen-. \\WL ^) A{D)h = 0}, and {h e U : A{D)h = Dh for all k e n} 

are invariant under each operator A* , i = 1, . . . ,n. 

In particular, if Ai is a suhspace of T-l and {id — ^ f^A)"^{PM) ^ 0, where Pm is the orthogonal 
projection onto M , then M is invariant under each operator Ai . 

Proof. Due to Lemma ri.3[ we have ^f.A{D) < D- Consequently, for any h e kerD, 

< ^ {oaAo^DAlh, h) < {Dh, h) = 0. 

|q|>1 

Hence, \\ag^D^/^A*h\\ = for i = 1, . . . ,n. Since Og. ^ 0, we deduce that A*h e kerD. Therefore, kerD 
is invariant under each operator A*. Now, let D = S + C be the canonical decomposition of D with 
respect to According to Theorem 12. ![ we have 

C>0, {id-<^f aT{C)>Q, sot- lim $'^^(C) = 0, 

and 

B = SOT- lini ^) ^{D), = B. 

fe— >oo ' 

Now, due to the first part of this theorem, applied to B and C, respectively, the subspaces ker B and 
kerC are invariant under each each operator A* , i — 1, . . . ,n. Note that 

keiB^ihen: lim ^(D)/i = 0}. 

Since $/.^(D) < D, it is easy to see that 

kerC = {/i e H : lim ^) AD)h = Dh} = {h e V. : ^'i JD)h = Dh, fee N}. 

Taking D Pm, we obtain the last part of the theorem. The proof is complete. □ 

An interesting consequence of Proposition 14. II is the following. 

Corollary 4.2. Let T (Ti, . . . ,r„) S D^(H) he such that {id - $/,t)'"(/) = I and let M C H he a 
suhspace. Then the following statements hold. 

(i) M is an invariant suhspace under each operator Ti, i = 1, . . . ,n, if and only if $ f.T{PM ) 5: Pm ■ 

(ii) M is reducing under each operator Ti, i — 1, . . . ,n, if and only if ^ f^T{PM) — Pm- 

Proof. Due to Theorem 14.11 if $ /.t {Pm ) < Pm , then the subspace A4 is invariant under under each 
operator Ti, i = 1, . . . ,n. Conversely, assume Ai is invariant under under each Ti, i — 1, . . . ,n. Then 
PmP^-Pm — PmP^^ where Pj^ ■— I—Pm- As seen before in this paper, the condition {id—'^f^TY^{I) = 1 
implies $ {I) = I- Consequently, we have 

^f,T{PjA)PM - */,t(/)P^ =Pi,= Pit^f,T{I)Pit = PM'i'jMPM)PM- 

Since the operators ^ f.T{PM) ^^'^ ^ ^ Pm positive and commuting, we have 

<&/,t(p^) -p^ = '^fAPiiW -Pm)>0- 

Consequently, $/,T(-P/i<) > Pm- Since $/,t(-^) = I, we infer that $/,t(-Pa4) < Pm- Therefore, item (i) 
holds. To prove (ii), note that due to part (i). At is reducing under each operator T!j, i — 1, . . . ,n, ii and 
only if $/,t(^Vi) < Pm and $/^T(^'ii) < Pm- Since $/,t(^) = I, the result follows. □ 

Let / be a positive regular free holomorphic function, to > 1, and let K^^^j^ be the noncommutative 
Berezin kernel associated with the noncommutative domain D^*, i.e., associated with the quadruple 
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q := (/, m, T, R), where R := {id — $/^t)™(^)- We remark that, as in the proof of Theorem II .51 one can 
use Lemma 11.11 and Lemma 11.31 to obtain relation 

OO / s 



fc=0 



where Q/,t := SOT-limfc^^o $/,t(^)- 

Lemma 4.3. Let f :— X)|q|>i '^""^a be a positive regular free holomorphic function and m > 1. If 
(Ti, . . . jTn) is an n-tuple of operators in the noncommutative domain D™(H), then the limit 

Qf^T := SOT- lim $f,T(^) 



exists and we have 



kevQf.T = {hen: lim (<^>'i j,{I)h, h) = 0} 



— ker 



ker(/ - Q/,t) = {h£U: ^f^rWh = h, fc e N} 

= {hc,'H: {<^'}^r{I)h, h) = \\hf, ken) 

- ker R'^"^ 

— Kei 

where Kf"^ji in the noncommutative Berezin kernel associated with the noncommutative domain D™. 

Proof. Since ^f,T{I) < /, the sequence of positive operators $^^(1) is decreasing. Consequently, the 
operator Q/,t exists and has the properties: < Q/.t < I and ^ f,T{Q f,T) ~ Qf.T- Using relation 

(^K^j^ K^j"-^ ji = I — Qf,T we deduce some of the equalities above. The others are fairly easy. □ 

Now we can obtain the following Wold type decomposition for n-tuples of operators in the noncom- 
mutative domain D™('H). 

Theorem 4.4. Let f := X]|a|>i'^a^a positive regular free holomorphic function and to > 1. // 
(Ti, . . . ,T„) is an n-tuple of operators in the noncommutative domain 'Dy'{'H) and 

Qf.T -.^ SOT- lim $f rU). 

then the space % admits a decomposition of the form 

n = A^©kerQ/,T©ker(J-Q/,T), 
where the suhspaces ker(5/,T (ind ker(/ — Qj^t) ire invariant under each operator T* , i — 1, . . . ^n. 

Proof. According to Lemma [4.3[ the operator Q/,t exists and has the properties: < (5/,t < I and 
^f,T{Qf.T) = Qf,T- Since 



-U = Qf^Tin)(SkeTQf^T and keT{I - Qf.r) ^ Qf,T{n), 

we obtain the desired decomposition. The fact that ker Q f x is an invariant subspace under each operator 
T*, i = 1, . . . ,n, follows from Theorem 14. II Now we assume that Q /.t 0. According to Lemma [TTTl 



Hence ker/cj-™''^ is an invariant subspace under each operator T*, i = 1, . . . ,n. On the other hand, due 
to Lemma l473l we have kericj.™-*^ = ker (/ — Qf^x)- The proof is complete. □ 
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We have another proof of the fact that ker(/— Q are invariant under each operator T* , i = 1 , . . . , n, 
which does not use the noncommutative Berezin kerneL Indeed, assume that Q/,t ^ 0. Then 

{Qf,Th,h) = ($^^y(Q/,T)/i» < \\Qf.T\\{'^'}Al)h,h), hen,ken. 

Taking the Umit as k ^ oo, we obtain 

{Qf.Th,h) < \\Qf.Tf{h,h). 

Hence, HQ^-^H < ||Q/^tII^ ~ IIQ/.tH < 1 and, consequently, we deduce that = or HQ^-^H = 1. 

Since Qf.r 7^ 0, we must have ||(5/,t|| = 1- We show now that the set ker(/ — Q/,t) is invariant under 
each T* , i = 1, . . . ,n. Indeed, note that I — Q > and 

^f.T{I - Qf.T) = ^f.ril) - ^f.riQf.T) <I~-Qf.T- 
Applying Theorem 14. II to the positive operator / — Qf,T, the result follows. 

Let m > 1, f := X]|q|>i '^aXa be a positive regular free holomorphic function and let P be a family 
of noncommutative polynomials with Af-p ^ 0. Let (Ti, . . . ,T„) be an n-tuple of operators in the non- 
commutative variety VJ^-p{H) and let Kg be the Berezin kernel associated with V™.p('H), i.e., associated 
with the tuple q — {f^m^T^R^V), where R :— {id — ^f^T)™{I)- Under these conditions. Lemma [1.21 and 
Lemma 11.31 and imply K*Kq — I — Qf^r- Consequently, one can obtain the following version of Theorem 
Ol 

Corollary 4.5. The space % admits an orthogonal decomposition 

n^M® ker(/ - KlKq) ker Kq, 

where the subspaces ker(/ — K*Kq) and "ker Kq are invariant under each operator T* , i = 1, . . . , n. 

An interesting consequence of Theorem 14.41 is the following Wold type decomposition. 

Corollary 4.6. Let m > 1, / :~ X]|q|>i '^a^a be a positive regular free holomorphic function and let V 
be a family of noncommutative polynomials with N-p ^ 0. Let (Ti, . . . , T^) be an n-tuple of operators in 
the noncommutative variety VJ^-p{'H) and let Kq be the Berezin kernel associated with VJ^-plH). Then the 
following statements are equivalent: 

(i) the Hilbert space % admits the orthogonal decompositions 

n = kerQf^T ® ker(/ - Qf^r) = ker(/ - K*Kq) © keri^,; 

(ii) Q f,T is an orthogonal projection; 

(iii) the noncommutative Berezin kernel Kq is a partial isometry. 
In this case, the subspaces 

ker Q j^t — kcr(/ — K*Kq) and ker(/ — Q j^t) = ker Kq 

are reducing for each operator Ti, i = 1, . . . ,n. 

Proof. Since Q/,t is a positive operator, it is well-known that 

ker[Q/^T - Q%t] = kerQ/^T © kcr(/ - Q/^t)- 

On the other hand, note that ker[(5 /,t — Q j = H if and only if Q f^x is an orthogonal projection. Using 
the results preceding this corollary, we can complete the proof. □ 

Let m ^ 1, p — X]|Qi>i'^a^a be a positive regular noncommutative polynomial and let be a set 
of noncommutative polynomials such that 1 G M-p . In [2 8) , using standard theory of representations of 
C*-algebras, we obtained the following Wold type decomposition for non-degenerate ^-representations 
of the unital C*-algebra C*{Bi, . . . , -B„), generated by the constrained weighted shifts associated with 
the noncommutative variety -p, and the identity. If tt : C*{Bi, . . . , i?„) — > B{IC) is a non-degenerate 
^-representation of C*(i?i, . . . , Bn) on a separable Hilbert space /C, then tt decomposes into a direct sum 

TT = ttq ® TTi on /C = /Coffi^i, 



30 



GELU POPESCU 



where ttq and tti are disjoint representations of C*{Bi, . . . , on the Hilbert spaces 

ICq : ^ l^x e JC : \im {^p y{Iic)x, x) = o| and 

/Ci : = {a; e /C : ($p y (/K;)a;, x) = for any fc G N} , 

respectively, where Vi := 7r(i?i), i = 1, . . . ,n. Moreover, up to an isomorphism, 

JCo~Nv®Q, MX)^X®Ig for Xe 
where C/ is a Hilbert space with 

dim^ = dim {range [Ik - $p,v(/ac)]} , 

and TTi is a ^-representation which annihilates the compact operators and $p ,ri(S)(^A:i) = Ikh where 
7ri(i?) := (7ri(i?i), . . . , 7ri(i?i). Moreover, the decomposition is essentially unique. 

Note that the decomposition above coincides with the one provided by Corollarv l4 . 6 1 when (Ti, . . . , T„) = 

We need a few more definitions. Let 7^ be a set of noncomniutative polynomials. We say that an 
n-tuple of operators T :— (Ti, . . . , T„) e Vj-p{H) is of class C.q (or pure ) if 

lim ($^. T{I)h, h) =0 for any heH, 

and of class Ci if 

lim j,{I)h, h) ^0 for any heH, hj^ 0. 

We say that T := (Ti, . . . , T„) S p(7^) has a triangulation of type Co — Ci if there is an orthogonal 
decomposition H — Ho® Hi with respect to which 



^ * D, 

and the entries have the following properties: 

(i) T*Ho C Hq for any i — 1, . . . ,n; 

(ii) (Ci, . . . , aO e V) p(Ho) is of class Co; 

(iii) (Di, ...,!)„) g vjpCHi) is of class Ci. 
The type of the entry denoted by * is not specified. 

Theorem 4.7. Every n-tuple T :— (Ti, . . . , T„) G -piH) has a triangulation of type 

'Co 

Moreover, this triangulation is uniquely determined. 
Proof. First, note that due to Theorem 14.41 the subspace 



Ho:=\heH: lim ($^^j,(/„)/i, /i) = ol 



is invariant under each operator T*, i — I, . . . ,n. The decomposition H — Hq®Hi, where Hi :— HQHq, 
yields the triangulations 

rp* / C* * \ • -. 

where C* := T*\-Ha and D* := P-HiTi\-Hi for each i — 1, . . . ,n. Since T*{Ho) C Hq, i = 1, . . . , n, we have 

*/,c(/wo) = -Pwo*/,t(/w)|«o < I-Ho 

and p{Ci, ...,Cn)= P-HoP{Ti, . . . , = for any p e 7^. Therefore, (Ci, . . . , C„) G V}.p{Ho). On 

the other hand, we have 

lim {<S>^fciIno)h,h) = lim {^'} T{In)h,h) ^ 0, he Ho, 
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which shows that the n-tuple C := (Ci, . . . , C„) is of class Co- Now, due to the fact that TiCHi) C Hi, 
i = 1, . . . , n, and $ /,t is a positive map, wo have 

and ...,Dn)= p{Ti, . . . , T„)|w, = for any peV. Therefore, (£»i, ...,Dn)e V) p(-Hi). We need 

to show that 

\im {^'i,j{Im)h,h) j^O forall heni,h^O. 

fc— )-CX) ' 

Taking into account that ^'jrp{I)P-Ua strongly, as fc oo, \\^^ j,{I)P-Ho\\ < 1 for fc e N, and $/,t is 
WOT -continuous on bounded sets, we deduce that 



hm Uj., ($)_r(/)P„J h,h')=0, h,h'Gn, 
for each q> 1. Hence, using the fact that Q/,t := SOT-limfe^oo ^f^ri-^)^ have 

{Qf,Th,h') = ^lim {^).r{I)))h,h') 
(4.1) = hm U) .^ {^)^t{I)Ph,) h, h') + hm U) ^ (^J. ^(/)P„,) h, h' 

= ^hm ($)^^ ($),t(J)P„J h, h') = ($«_^ (0/,tPhJ /I, /i') 
for any h, h' e 'H. Now, we need to prove that 

II Qf,Th\\ < l^^y{PH,)h,h)'^ , hen. 

First, recall that j,(Q/,tPhi)I| < 1, fc S N, and $/,t is WOT -continuous on bounded sets. Conse- 
quently, given h, h' e H, the expression (^^'j j,(Q f xP-Hi)h, h'^ can be approximated by sums of type 

|a<,|<JV, |ai|<JVi 

where A^i, . . . , A^g e N. Since ||Q/,t|| < 1, eta > 0, we obtain 

T^,---T^AQf,TPn,)T:^---T:^h,h'] 



iQf^TPnjT*^---T:,^h 



T*^---T*h' 



< an 



Applying Cauchy's inequality, we get 



Pn.K.---nh 



T*^---T*h' 



1/2 



1^1^ I E E {aag---a^,T^^---T^,{PH,)K^---Kh,h 

Ja,|<Ar, |ai|<JVi 



1/2 



E ••• E 

Ja,|<Ar, |ai|<JVi 

Taking the limits as iVi — >• cxd , . . . , A^, — >• oo , we obtain 



„ . .. n T ■■ - T T* ■ ■ - T* h h' 

"a, "ai-'-a;, -^ai-'ai -'a,"'"' 



<{^yiPn,)h,h) \\h' 



1/2 



for any h, h' G H. Hence, we deduce that 



^,TiQf,TPn.)h <(<^)^^{Pn,)h,h) , hGn,qGN. 



1/2 
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Combining this inequality with relation (|4.1|) . we obtain 

WQf.ThW < ($}_^(P«J/i,/^)'^' = ($}.^(/«J^/i)'^', heH,qeN. 

Let h e Hi, h ^ 0, and assume that jj{I-Hi)h — > 0, as g — > oo. The above inequality shows that 
Qf,Th — 0, i.e., h G Ho, which is a contradiction. 

Now, we prove the uniqueness. Assume that there is another decomposition % = A4q ffi Aii which 
yields the triangulations 

of type (^^^ Q ^ 1 where Ei* := T*\mo a-nd F.* := PmiTUmi for each i = 1, . . . ,n. To prove 

uniqueness, it is enough to show that Ho = -Mq- Notice that ii h E Aio, then, due to the fact that 
{El, . . . , En) is of class C.q, we have 

lim (^H j,h, h) = lim ($^. ^h, h) = 0. 

Hence, h E Ho, which proves that Mo ^ ^o- Assume now that h E Ho O A^o- Since h E Mi, we have 
lim {^)ph,h)= lim i^) T{PM^)h,h) < lim /i) = 0. 

Consequently, since (Fi, . . . , F„) is of class Ci, wc must have h — 0. Hence, we deduce that Ho Mo = 
{0}, which shows that Mo — Ho- This completes the proof. □ 

Corollary 4.8. If T := [T^, . . . ,Tn) E Vj^{H) is such that T (f. Co and T (f. d, then there ts a 
non-trivial joint invariant subspace under the operators Ti , . . . , T„ . 

We say that T := (Ti, . . . , T„) e Vj^-piH) is of class Cc if 

{<i>'}^T{I)h,h) ^ \\h\\^ for any hEH,kEN, 

and of class Ccnc if for each h E H, h ^ 0, there exists k E ^ such that 

We say that T :— (Ti, . . . , T„) E Vj -p('H) has a triangulation of type Cc — Ccnc if there is an orthogonal 
decomposition H — He © Hcnc with respect to which 

and the entries have the following properties: 
(i) T*Hc C He for any i = 1, . . . , n; 

(u) (Ci, . . . , Cn) E V} p(He) is of class Cu, 

(in) (Di, . . . , Dn) E Vj -p{Hcnc) is of class Gene- 
Theorem 4.9. LetV he a set of noncommutative polynomials. Every n-tuple of operators T :~ (Ti,...,T„) E 
Vj-p{H) has a triangulation of type 

'Ce 

* Ce 

Moreover, this triangulation is uniquely determined. 

Proof. Consider the subspace He ^ H defined by 

He--= {hEH: («'/,T^> h) = \\h\\^ for any /c e N} . 

The fact that He is invariant under each operator T* , . . . ,T* is due to Lemma 14.31 and Theorem 
Consequently, we have the following triangulation with respect to the decomposition H = He® Hen 

'C, 
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where C* := T*\h, and D* := Ph,„^T*\-h,„, for each i = l,...,n. As in the proof of Theorem K7\ 
taking into account that T*{'Hc) Q He and Ti{'Hcnc) ^ Hcnc for each i — we can show that 

(Ci, . . . , C„) G Vl-pCHc) and (Di, . . . , G V) p(Hc„c). Since 

($5;^cU«c = {^'}M^n)h,h) = \\hf, h eHcke N, 
the n-tuple (Ci, . . . , C„) is of class C^. Now, we need to show that {Di, . . . , is of class Ccnc- To this 
end, let h G "Hcnc, h ^ 0, and assume that ( $^ jj{Ifi)h, h) — \\h\\^ for all /c G N. Then, we have 



< 



{^lAln)h,h) < \\h\\ 



Consequently, (^^'j rp{I^)h, hj = for all A; G N. Since h G T-Lcnci we must have h = 0. This proves 

that (-Di, . . . , Dn) is of class Ccnc- The uniqueness of the triangulation can be proved as in Theorem 14. 71 
We leave it to the reader. The proof is complete. □ 

Corollary 4.10. IfT := (Ti, . . . ,T„) G Vj.p{'H) is such that ^f xil) 7^ I and there is a non-zero vector 
h € H such that (^^'j rph,h^ = for any k CzN, then there is a non-trivial invariant subspace under 

the operators Ti , . . . , T„ . 

Note that Cc C Ci. Combining Theorem 14.71 with Theorem 14. 9[ we obtain another triangulation for 
n-tuples of operators in VjpCH), that is, 

^Co 

* Cc 

* * Ccnc n Cl^ 

According to Corollary 13. 4[ we have an analogue of Foia§ and de Branges-Rovnyak ^ model 
theorem, for n-tuples of operators (Ti, . . . , r„) G V™p('H) of class C.q. When (Ai, . . . , A„) is of class Ci, 
i.e., 

lim h) ^0 for any heH, 0, 

we can prove the following result. 

Theorem 4.11. Let p :— '^i<\a\<N '^o'-^o' ^ positive regular polynomial and let V be a set of non- 
commutative polynomials. If A := {Ai, . . . , An) G B(l-L)" is an n-tuple of operators of class Ci such that 
^p.A is power bounded and q{Ai, . . . , An) — for all q £ V , then there exists (Ti, . . . , r„) G Vp^-pi'H) of 
class Cc such that 

for some one-to-one operator Y G B(T-L) with range dense in %. If, in addition, % is finite dimensional, 
then Y is an invertible operator. 

Proof. Since ^p^A is power bounded, there is M > such that < M for all k eN. Note that for 

each h E Ti with h ^ Q, we have 

7„:=inf ($^,^ (/)/», ;i)>0. 

Indeed, if we assume that jh — 0, then for any e > there is fco G N such that <^$p°^(/)/i, < jj. Since 
^p^A is a positive map, we have 

[<i>}+^°{I)h, h) < W'fl J h) < e for any q G N. 

Consequently, lim/j^oo {^p aW^^ ^) ~ 0, which is a contradiction with the hypothesis. Now, define 

[h,h']:=LlM(<^';AiI)Kh'), h,h' en, 

where LIM is a Banach limit. Due to the properties of a Banach limit, we have 

0<jh<[h,h]<M\\hf, heH,h^O, 
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[h,h] - LIM U^+^il^h) = LIM J2 



and 

^<\a\<N 

l<\a\<N 

for any /i G "H. Using standard theory of bounded Hermitian bilinear maps, we find a self-adjoint bounded 
operator 5* e B{H) such that [h, h'] — {Sh, h!) for all /i, h! € Therefore, we have 

< -ih < {Sh,h) < M\\hf , heU^h^O, 

which shows that 5 is a one-to-one positive operator with range dense in H. Taking into account the 
relations obtained above, we deduce that 

{Sh,h)^[h,h]= (^Mh,Alh] 

l<\a\<N 

(4.2) 

= ^ a„ {SA^h, A^h) = {%,A{S)h, h) 

l<\a\<N 

for any h U. Hence, $p,a(S') = S and ag^\\S^'^ A^hW^ < \\S^^^h\\^, hen, for each i = 
Since p is a positive regular polynomial, we have a^. > and, consequently, it makes sense to define 
: 51/2 CH) ^ -H by setting 

Zi{S^/^h) := S^/^A*h, hen. 
Since ||Zi(S'^/^/i)|| < ^||S'^/^/i||, hen, and S^^"^ has range dense in n, Zi has a unique bounded hnear 
extension to n, which we also denote by Zi. Therefore, \\Zix\\ < x en. Due to relation (|4.2I) . 

we have 

ao,(^ZlZ5,S^/'^h,S^''^h^ = \\S^'^hf, hen. 

l<\a\<N 

bmce S^l'^ has range dense in n and Zi are bounded operators on n, we deduce that — I- 

Setting now, T^ := Z* , i ^ I, . . . ,n, and Y := S^''^, we get ^p,t{I) = / and AiY = YT^, i = l,...,n. 
Note also that Yq{Ti, . . . , T„) — q{Ai, . . . , An)Y — for aU q eV. Since Y is one-to-one, we deduce that 
q{Ti, . . . , T„) = 0. Therefore, (Ti, . . . , T„) e Vp-p{n) is of class Cc. The proof is complete. □ 
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